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ABSTRACT. We prove that if an N-vortex pair nearly minimizes the Yang-Mills-Higgs
energy, then it is second order close to a minimizer. First we use new weighted
inequalities in two dimensions and compactness arguments to show stability for
sections with some regularity. Second we define a selection principle using a penalized
functional and by elliptic regularity and smooth perturbation of complex polynomials,
we generalize the stability to all nearly minimizing pairs. With the same method,
we also prove the analogous second order stability for nearly minimizing pairs on

nontrivial line bundles over arbitrary compact smooth surfaces.
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2 A. HALAVATI

1. INTRODUCTION

1.1. Background and main results. Let (u, V) be a section and connection on the
trivial line bundle R? x C — R2. The self-dual U(1)-Yang-Mills-Higgs functional after a
suitable re-scaling is
1 — |ul?)?

(1) B ) = [ [vup +ref + L

R2 4
where Fy is the curvature two-form of V (see Section 2 for details). One can show that
in two dimensions the energy is lower bounded by a topological constant (see [1, 30])

(1.2) E(u,V) > 27|N]|,

where N = deg(u) is the rotation number of ﬁ at infinity (Which is well defined when
the energy (1.1) is finite, see Lemma 2.1). It is well known that minimizers of this
functional satisfy a system of first order vortex equations, also known as the Bogomolny
equations. In his PhD thesis ([30, 31]) C.H.Taubes shows that after prescribing the zero
set, the solution ezists and is unique, up to a change of gauge (see also [19]). Later in
[26], A.Pigati and D.Stern consider the e-rescaled Yang-Mills-Higgs energy in higher
dimensions:

(1 —[uf?)?

Bu.V) = [ a4 e + S
Mn g

where M™ is a compact Rimmannian n-manifold and they use this energy to construct
minimal sub-manifolds of co-dimension two. Precisely, they show that in the e — 0
limit, the energy measure of critical points with uniformly bounded energy converge
sub-sequentially to an integer rectifiable stationary varifold V' of co-dimension two.
Moreover they show that the currents dual to the curvature two-form converge to an
integer rectifiable (n — 2)-cycle I" with |T'| < py.

As a first step towards understanding the quantitative behavior of minimizers of the
e-rescaled energy in higher dimensions and regularity properties of the vortex set via a
blow-up analysis, it is necessary to have a complete understanding of the stability of the
energy (1.1) in two dimensions for arbitrary pairs. In fact, these estimates are mainly
motivated by their importance in [8]. Roughly speaking, for an almost flat critical point
of the re-scaled functional (1.3) in dimension n > 3, transversal 2-dimensional slices
nearly minimize the two dimensional energy, with an error quantified by the flatness.

For any sharp functional inequality it is also natural to ask ”Can we estimate the
distance to critical points by the discrepancy between the left and right hand side for
some appropriate notion of distance?”.

For instance this question has been extensively studied for the isoperimetric inequality
(see [5, 6, 10, 12, 13, 11, 14, 24]) via methods of PDE and symmetrization. In [6] Cicalese
and Leonardi use a penalization technique and regularity theory for quasi-minimizers

of the perimeter to find uniform C' approximations of sets, for which they use PDE
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techniques to prove stability. The methods in this article are partly inspired from this
approximation technique (see Section 4).
We first observe in Section 2 that the discrepancy is

1— 2
E(u,V)—27N = | 12| xdlog(r)+ A — df?> + | xdA — 2’" 2
RQ

)

where r = |u| and A is the real connection one-form of V : d — ¢A. This leads us to
investigate the perturbed vortex equations:

1.3 *d 1o u+A—d9:ﬁand *dA —
(1.3) g

|l 2
for some f1, fo in L?(R?). The main difficulty is the error term L for which Muckenhoupt

[u]
theory [7] and Caffarelli-Kohn-Nirenberg inequalities [4] fall short. Lojasiewicz inequalities

are also a possible technique (as used in classical GMT applications e.g. by L. Simon in
[28]). However obtaining the inequality with the sharp power (such as the techniques of
Topping in [33]) is rather difficult. However we are able to improve the existence and
known results to the following sharp stability:

Theorem 1.1. For any integer N there exists a constant C|n| > 0 such that for any
section and connection (u, V) € VV;)?(R% on the trivial line bundle L = R? x C — R?
with deg(u) = N and small enough discrepancy E(u,V) — 27| N| we have that:
. 2 2
(uof]fvllof)lefﬂu — uol|ze ey + 1V = Fu, |72 ey < Oy [E(u, V) — 27| N]]

where (up to a conjugation) F is the family of all N-vortex minimizers of the Yang-
Mills-Higgs energy.

The proof relies on two main tools: Weighted elliptic inequalities of [16] (Recalled in
Appendix B), in particular the weighted Hodge decomposition and a selection principle
(inspired by [6]) using a penalized functional (see Section 4). Roughly speaking, this
method is analogous to running the gradient flow for unit time. However the proof of
existence for minimizers of the penalized functional (4.1) is straightforward as apposed
to existence of the gradient flow (especially on an unbounded domain).

As a by product of these methods, we also prove a weighted Sobolev stability for

regular enough pairs in the following theorem:

Theorem 1.2. For any A > 1 and integer N, there exists constants C ||, ma,|n| > 0
with the following property. Let (u,V) € I/Vl})’f (R2) be an N-vortex section and connection
such that
(i) *d ((ﬁ)*(d@)) =2 Z'k]i‘l 0z, for a collection of points {xk}gi‘l C R? counted
with multiplicity.
(i) E(u,V)—2mw|N| < 77/2\,|N\’
(i15) A= |ug| < |u| < Alug| for some N-vortex solution (ug, Vo) with {xk}lkzi‘l as the

zero set (counted with multiplicity).
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1
Then for any 0 < e < 5
/ |ug |24 ‘dlog <|U)
R2 |uo|

up to a choice of £A.
Remark. The assumption (i) is satisfied if ﬁ e WY '(R?). This is in fact a direct

loc

2

C
140 = AP | < Z5F B, V) - 2m|N]]

consequence of [20, Theroem 1.2]. However it is not clear if (i) can be inferred from (ii)
and (u, V) € WH2(R?).

A central tool in the analysis of the abelian Higgs model in any dimension n is the
Yang-Mills-Higgs Jacobian J(u, V), which is a two-form defined as follows:

J(u, V) (4, k) == (2iVju, Viu) +w(j, k) (1 — u|?), forall 1 <j <k <n,

where w is the real curvature two-form associated to the connection V. It is the analogue of
the Jacobian in the Ginzburg-Landau model (see [21]). In Section 3.3 using Theorem 1.2,
we prove the second order stability of the Jacobian for regular pairs:

Theorem 1.3. For any A > 1 and integer N there exists constants Cy n|, 1A, N > 0
such that for any (u,V) € Wlif(RQ) satisfying (i), (i) and (iii) in Theorem 1.2 the
following estimate holds:

[ 1960,9) = I, V)l < Ca /B ¥) — 241N,

up to a conjugation of u.

To prove an improvement of flatness type result in [8], we rely on energy comparison
with the pull-back of the two dimensional solution via a suitable harmonic competitor. The
key difficulty there is to attach the boundary data which uses Theorem 1.1, Theorem 1.2
and Theorem 1.3 as the main ingredients (See [8, Proposition 10.2]).

For a non-optimal Lojasiewicz-type inequality for Yang-Mills-Higgs energy in complex
geometry see [9, Section 1.3.3]. Related to the estimates in this paper, in [29, Section 3],
D.Stuart defines a corrected Hessian for the Yang-Mills-Higgs energy (to mod out the
gauge freedom) and derives coercive estimates. Further studies on the Yang-Mills-Higgs
energy on Kéhler manifolds has been done in [17, 22, 2]. For stability type results on
the Yang-Mills functional we refer the reader to [32, 34]. It is also worthy to mention
the articles [26, 25] for results connecting the variational theory of the re-scaled Yang-
Mills-Higgs functional and minimal surfaces and [27] for the magnetic Ginzburg-Landau
theory.

At the present we do not know how to obtain the estimates of Theorem 1.2 for the
case € = 0. The reason is that the embeddings of Proposition B.2 are no longer compact
for € = 0. The stability in this problem is also deeply related to Poincaré inequalities on
the unbounded one-sided cylinder RT x S! via the log-polar coordinate, which fail to
be true. However by increasing the power in the weight by a factor of €, analogously,
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assigning an exponentially decaying weight on the height e~ : (t,6) € Rt x S' — RT,
we are roughly compactifying the domain with a total measure of order £~2. This also
serves as an intuition for the factor in the right hand side of Theorem 1.2. However the
power 2 is sharp. We also state the following problem:

Open problem. Do the estimates of Theorem 1.2 fail for the case e = 07 In particular,
does there exists a sequence of N-vortex pairs {(uk, Vi)}72, such that the sharp stability

fails in the following sense

E —27|N
hm E(uy, Vi) = 27|N| and lim (u, V) — 27| N|

=0.
k—o0 mln(uo,Vo)E]‘— ”du - duOH%Q(RQ)

1.2. Results on compact surfaces. The Bogomolny trick also works on nontrivial
line bundles . — M over closed surfaces. In this case the energy is lower bounded by
the degree of the line bundle:

(1.4) E(u,V) > 2r|deg(L)].
In this case the vortex equations take the same form:

) 1— |ul?
(1.5) Vo, u+1iVy,u=0and x Fy = 5

Integrating the second equation over M, we see that:
1
|deg(L)| < EVOI(M).

In [15] Garcia-Prada obtained the analogues existence and uniqueness (for a slightly
generalized functional) provided that the above constraint is satisfied. In this article we
also prove the analogues stability, in the following theorem:

Theorem 1.4. Let (M,g) be a smooth compact Riemann surface and L — M a
Hermitian line bundle over M with | deg(L)| < vol(M). Then there exists a constant
Cyr > 0 with the following property: Let (u, V) be a section and connection on L such
that E(u,V) — 2m|deg(L)| is small enough, then:

womin = wolEaqun + 1 = Pyl < Cor 1B V) = 2| deg(D)]
where (up to a conjugation) F is the family all minimizers of the Yang-Mills-Higgs
energy on L — M.

Similarly for compact Riemann surfaces, we have the following result for regular pairs:

Theorem 1.5. Let (M,g) be a smooth compact Riemann surface and L — M a
Hermitian line bundle over M with |deg(L)| < s=vol(M). For any A > 1, there exists
Ca,vsma,m > 0 with the following property. Let (u V) e VVllo’CQ( ) be a pair such that

(i) *d ((ﬁ) (d )) = 27 Z‘deg L)lézk for a collection of points {xk}ldeg Dl

counted with multiplicity.
(ii) E(u,V) — 27| deg(L)| <13
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(iii) A=Yuo| < |u| < Alug| for some solution (ug, Vo) with {xy L(flg(L)‘ as the zero
set (counted with multiplicity).

Then for any 0 < e < %

/ |u0‘2+28 dlog (|u|>
M |uo

up to a conjugation of u. Moreover the following inequality holds for the Jacobian:

AM

2
C
+140 = AP| < == [E(u, V) — 27| deg(L)]

/M |J(u, V) = J(uo, Vo)| < CanevVE(u, V) — 27| deg(L)] .

1.3. Outline of the proof. Here we give an overview of the plan of the paper:

In Section 2 we prove that the degree is well defined for pairs with finite
energy. Then we re-derive the first order vortex equations (2.4) and subsequently the
PDE (2.6) and we define the discrepancy (2.5). Then in Proposition 2.3 we show that
solutions are locally comparable to IT)L |z — ag|.

Here we explain the case of just one vortex for the sake of clarity. The
ideas carry over to the case of multi vortex situations, since the elliptic and Poincaré
type inequalities of [16] (recalled in Appendix B) have uniform and explicit constants.
Now assume that u = eug for a compactly supported real valued h € C°(B1(0))
and a one-vortex solution uy centered at the origin. In this case after a suitable gauge
transformation we can linearize the discrepancy E(u,V) — 27 = n? as follows

n2~/ 2| xdh + B|? + | xdB + V(z)h|?,
B1

where h = log (%) and B = A — Ay and C~tug|? < V(z) < Clugl?.

Now if the right hand side is zero, the first term tells us that xdh = —B. Then we
substitute this in the second term to see that —Ah + V(x)h = 0; testing this PDE with
h and integrating by parts, we conclude that h = 0.

Now we aim to make this quantitative. First it is instructive to see the compactness
argument if the first term was not weighted: Arguing by contradiction and scaling, we
can assume that ||h||;2 = 1 while 7 — 0. Then we see that xdh is uniformly close in L?
topology to the co-exact part of —B, for which we have uniform W12 bounds using the
second term. Then we conclude that h (up to extracting a sub-sequence) converges to
zero, strongly in L?. The idea is to adapt this proof to the weighted case.

For this purpose we introduce a |z|?-weighted Hodge decomposition of B as the
minimizer of the following weighted functional

inf / |z|?|B — xdv|?,
veW, *(|2]2,B1) / By

where W12(|z|2, By) is the |z|?-weighted Sobolev space (for details, see Appendix B).
With the direct method in the calculus of variation and Theorem B.1 we guarantee the
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existence of a minimizer. Then the Euler Lagrange equations of minimizers tells us that:
|z| B = %|x|dv + |z|'df and B = *dp + dq.

Then we rewrite the linearized discrepancy using these identities. To be more precise
we use the weighted Hodge decomposition for the first term and the standard Hodge
decomposition for the second term:

(1.6) n? ~ / |z 2|d(h + 0)|* + || 2 |df |* + |Ap + |uo|*A|* .
B1

Then we apply the weighted elliptic estimates of [16] recalled in Proposition B.2 and we
estimate the distance of the weighted and the standard Hodge decomposition as follows:

C _ C
/ 22 dw —p)2 < & / 22 < S,
B € JB; €

for any ¢ > 0. With this and (1.6) we get the uniform W12(B;) estimates needed for
|z|'*¢h near the vortex set to gain compactness.

To generalize this heuristic to many vortices, we note that all weights of the form
M |z — a|* with oy > 0 satisfy the condition (B.1) to apply Theorem B.1.

Then with a concentration compactness type argument we glue the local weighted
estimates near the vortex set and uniform elliptic estimates far from the vortex set to
conclude the stability for regular sections.

Step 3.| In Section 4 we generalize the stability to require only that the pair

(u, V) € W'llo’cz(RQ) nearly minimizes the energy. We use a selection principle and construct
a new pair (u1, V1) by a finite iterative process of replacing (u, V) with the minimizer

of the auxiliary functional
E(u1, A1) + [lur — ull72gey + [ A1 — Al 72g2) -

By Lemma 4.4 we gain some regularity at each step so after finitely many steps we
have a pair (@, @) with uniform C™ bounds in the local Coulomb gauge. Arguing
by contradiction and Arzela-Ascoli we conclude that with small enough discrepancy
uy is close enough to ug in CN topology. Since ug is analytic, we see that u; is a C
perturbation of a complex polynomial with degree < N. We then apply Lemma A.1 to
see that CV perturbations of complex polynomials with degree M < N are uniformly
comparable to another complex polynomial. This reduces the problem to Theorem 3.1
in Section 3.

We show that the methods above can be adapted, with little to no modifica-
tion, to prove stability for nontrivial line bundles over arbitrary smooth compact Riemann
surfaces. Here instead of polynomials, we use weights of the form nglefakGIk(x) with
ay > 0, where G (y) is the Green’s function for a domain  C M in a Compact Riemann
surface M. Note that in two dimensions, the Green’s function for the Laplacian is

proportional to —logd(x,y), where d(z,y) is the geodesic distance between z,y on M;
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so essentially we work with weights proportional to II}_,d(x, x;)**. Notice that estimates
of Appendix B work with universal constants on any surface with boundary.

2. THE VORTEX EQUATIONS

We work on Hermitian line bundles over smooth manifolds; on the trivial bundle

L = C x R?, we can always write a metric connection V as
V=d—iA,

for a real-valued one-form, meaning that V¢s = ds(§) — ia(§)s.
In general, for two vector fields § and 7, typically V¢ and V,, do not commute, meaning
that the connection has nontrivial curvature. Formally, the curvature Fy is given by

(2.1) Fy(&m)(s) = [Ve, Vyls = Vig s

A simple computation shows that Fy is a two-form with values in imaginary numbers;
we will sometimes use the real-valued two-form w given by

(2.2) Fy(&,n)(s) = —iw(;n)s.
On the trivial bundle, if V = d — iA then we simply have
w = dA.
Notice that the Yang-Mills-Higgs energy functional (1.1) enjoys the gauge invariance
(u, V) = (ue’®,V —id¢)

for any compactly supported function ¢ € C2°(R?). Moreover, after fixing the connection
one-form V : d — iA we can rewrite the energy (1.1) as follows:
(1 —Juf*)?

E(u, A) :/ du— iu® AP + |dAP +
R2 4

The one-form A is sometimes called the magnetic vector potential. Observe that if
u = re” the energy can also be written in the following form:
i0 2 2 2 o (1—7?%)?
(2.3) E(re”,A) = |dr|* + r°|A — df|” + |dA|” + —
RQ

Note that 6 cannot be defined globally, however df is defined by pulling back the tangent
vector to S' by the map ﬁ

In [30] C.H.Taubes proves existence and uniqueness for minimizers of (1.1) using the
vortex equations which are as follows (up to a conjugation or a change of orientation):

1—r2

(2.4) *dr = —r(A—df) *dA= 5
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2.1. The degree and the discrepancy for finite energy pairs. In the following
lemma using the trick of Bogomolny [1] we first prove that pairs (u, V) € I/Vlloc2 (R?) with
finite energy have globally well-defined degree. Moreover we also derive the discrepancy

and the vortex equations.

Lemma 2.1. Let (u,V) € Wlif(]RQ) be a pair of section and connection on the trivial
line bundle C x R? with finite energy (1.1) E(u,V) = A < oo and u = re? (for some
0:R?— S') and V :d —iA. Then:

(i) The degree of u, namely deg(u) = N is globally well defined.

(ii) The integral in (1.1) or equivalently (2.3) (possibly after a conjugation of u) can

be rewritten as:
. 1— 2
(2.5) E(re?  A) = 27| N| +/ | % dr +r(A—df)|* + | xdA — 2T ?.
R2

Proof. We use the notation v = 7€’ and V = d — iA as defined above. Note that
(u,V) € V[/l:})c2 (R?) € VMO,,.(R?), which is the space of functions with locally vanishing
mean oscillation. We know from [3, I1.2 Property 2] that the degree is locally well
defined. We need to show that it is also globally well-defined. First name the sub-level set
Zy/9 = {r < 1/2} with the disjoint open and connected components Z; ;5 = U]Oil le-/z.
By the Coarea formula we have that:

1/2 22
/ Z% (fr =t} nQY?)dt = / arl <o P+ T con
Z1/2 Z1/2 4

Then by the mean value theorem we can find some threshold i < B < % such that

Zjo-il 7-[1(89]5») < CA. Here Zg = U;’il Qf are the disjoint connected components of
Zg = {|u] < B}. Now since perimeter bounds diameter we can see that:

Zdiam(Qf) < CA.
j=1

Since each Qf has finite diameter, we can see that the degree deg(u, 895 ) is well defined
on each domain. Now we proceed with a Cauchy-Schwartz and Stokes theorem:

oo>A>Z/ dr2 4+ 72| A — dof? + A + L=
Jj=1 4
= (8% — )
> ~ _
_CZ /Q@dA 5 rxdr A (A—df)
Jj=1 J
_ - ) 2 2
—CZ /Q@dAQJr*d(ﬁ — %) A (A — db)
Jj=1 J
_oy SN AN :
_cj:1 /Q , a3 o ;deg(u,anﬂ
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The last line follows from [z d(df) = g 0:0 = deg(u, Q7). This tells us that only
QF a0” J
J J

finitely many of the domains Qf have non-zero degree. Hence we can see that the degree
is also globally well-defined. We also name

deg(u) = N.

To prove the second point, we again replace |dr|? with |xdr|? and complete the squares
in (2.3):
E(re A) =
1— 232
= / | % dr)? +r?|A — d|* + |dA|? + a=-r)
R2 4

1—7%, 9
|“ —2rdr A (A —df) + dA(1 —r7).

= | |xdr+r(A—df)f +|xdA —
R2
Using d(1 — r?) = —2rdr and Stokes theorem and noticing that
/ —2rdr A (A — df) + dA(1 — %) < CE(u,V) < oo,
R2

we see that:
1

) 2
E(re“g,A):/ [ xdr o r(A = dB) + | dA — ="+ d(d)(1 ~ 7).

R2
For any compact set K € R*\{r = 0} we see that df € W12(K) hence d(df) is supported

on the zero set of r we can see that:

—7“2:()0 —7“2:()0 = 2mdeg(u) .
RIS ;/Q?dwe)u ) ;/Kﬁd(de) 2r deg(u)

Then after a possible conjugation of u we see that

E(re?, A) = 27| deg(u)| + /]1@2 | % dr +7(A—df)|* +|~dA — L 1%
We get equality if and only if:
*xdr = —r(A—df) xdA= ! —27'2 .
These are called the first order vorter equations. O

Remark 2.2. Assuming sufficient decay for |Vu|(z) as |z| — oo (see the conditions in
[19, Chapter II, Theroem 3.1]) we can also see that:

/ dA =27N .
]RQ

For a detailed discussion see [19, Chapter I1.3]. But here we do not need this result.
Notice that even if dA is sufficiently close to an integral two-form in L?(R?), since R? is
unbounded, one can draw no conclusions on the integrality of dA.
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2.2. Estimates on solutions of the vortex equations. In the sequel without loss of
generality, we assume that N > 0 after a possible conjugation of u. Here we first prove
that solutions of the vortex equations are comparable to modulus of polynomials on
their sublevel sets. We collect these information in the following lemma:

Proposition 2.3. There exists a constant Cn > 1 depending only on N > 0 with the
following property: Let (ug, Vo) be a solution to the vortex equations (2.4) as in [30]
with the prescribed zero set x1,...,xn € R? counted with multiplicity. Then there exists
M < N balls {By, (z) L, and some + < B < % such that:

(i) Zs = {Juol < B} € UrLi By (1)
(i4) Bap,(2i) N Bap,(2j) =0 for all 1 <i <j <M,
(i1i) 1 < pp < Cn foralll <k< M,
(iv) Cylwr < |uo| < Onwy in Bop, (21), s.t. wi(z) = IL.eB,, ()l — @i| for all
1<k<M.

Proof. First we estimate the measure of {|u| < }. Then we use the co-area formula and
a mean value theorem to find a sub-level set {|u| < 5} set with bounded total perimeter.
Then we cover them with non intersecting balls and use (2.6) and the maximum principle.

Name 79 = |ug|; by the vortex equations, we know that rg is a solution of the following

N
1
(2.6) ~Alog(rg) + 5 (5 — 1) = = Zl 26,
where {x1,...,7x} C R? is the zero set of ry (counted with multiplicity) and d, is a

point-mass on x € R2. Define the sub-level set and its disjoint connected components
Zg ={ro < B} = Uj2; Z5- Then we multiply (2.6) by 73 — 3% and integrate by parts on
each Zg,:

1
0< / 2|drol? + 5(1 — 1) (% —1d) = 21 5°K; .
ZJ
B8

Here K; is the number of zeros in Zg; it K; = 0 we see that 1o = 3 on Zé and
since solutions of the vortex equations are analytic (by [30, Proposition 6.1]), unique
continuation tells us that ro = 8 globally, which is a contradiction if 8 < 1 or N # 0;
so we conclude that K; > 1 for finitely many js. This means that there are at most N
connected components of Zz for all 8 < 1.

Now we sum the estimates on Z 8

1
Zul+ [ lan2<c [ 2drol+ 2(1— ) (2 —12) < Cw .
2 71 Zs 2 16
2 4
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N[

By the co-area formula and mean-value theorem we get that there exists some % <p<
such that:

1
H (92 < c/f W 02)ds < C [ Jdny| < 0|Z;|%(/ drof2)} < C .
T Z
4

Zy 1
2 2

Since the set Zg has at most N connected components {Zé} i1 for some M < N we
get that maxi<j<py diam(Zé) < Cp. Then we find M balls By(z1),...,Br(zp) with
1 <r < Cy whose union covers Zg C Ui]‘ilBT(zi) and z; € Zg. To find the balls covering
Z satisfying the assumptions, at each step we replace any two balls By, (2;), By, (z;)
that, if dilated, intersect By, (2;) N Bar;(2j) # () with the ball Bg(errj)(Zingj ). Since at
each step the number of balls decreases, this procedure stops at maximum N — 1 steps.

Notice that in each step max(r;) increases at most by a factor of 6 so we are left with
M < N balls B, (%), ..., B, (2um) such that 1 < p; < Ch.

Now for each 1 < j < M define the weight w; = Hfijl]w — x;| where x1,..., vk, are
the zeros of rg in the ball B (z;). Then we estimate || log(w;) —log(ro)
(2.6):

oo (5, (=57) 05108

1 ) ;
—Ah = 5(1 —73) in ngj(zj) ,

h = log(rp) — log(w;) .

Notice that by (2.6) we have Ar3 = 4|drg|? — 73(1 — r2) and with an application of the
maximum principle and [, |dro|? < oo we can see that 79 < 1. We then notice that:

1 .
—Ah>0and —A(h—p? + z\x —2]*) <0in B3, (%)
By the weak maximum principle we get the estimates below:

Vil o s, (o) S P5+ sup Al <OR+ sup [log(ro)| +|log(ewy)]-
9B;,. (%)) 9B3,, (%)
From the bound on 8 > 1 we know that (‘)ng], (zj) C Z§ C {ro > 1} and this yields
an upper bound on |log(ro)| on the boundary of the ball. Since {z1,...,zx,} € B}, (z;)
and p; > 1, we get a lower bound for w; which combined with p; < Cn gives us an
upper bound on |log(w;)|. Finally we estimate:

- C . ]
HhHLoo(ng‘(zj)) <Cn=e Nwj<rg<eMwjin B%pj(zj),
J

and conclude. g
3. STABILITY OF REGULAR PAIRS
In this section we show stability under some regularity conditions:

Theorem 3.1. For any A > 1 and N € N there exists na, n, Ca,n > 0 with the following
property. Let (u, V) be a section and connection on the trivial line bundle C x R? — R?
that satisfy:
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(i) *d ((ﬁ)*(d@)) = 2 SN 64, for a collection of points {xk}gi‘l C R? counted
with multiplicity.
(i) E(u,V) = 21N <13 y,
(i1i) A= |uo| < |u| < Alug| for some N-vortex solution (ug, Vo) with {xk}L]i‘l as the
zero set (counted with multiplicity).

Then:
Il = ol Zegge) + 1Fe = FogllZae) < Ca [B(u, V) —27] .

We divide the proof of this theorem to two parts. In the first part we deal with
estimates near the vortex set and in the second part we combine these estimates with

uniform elliptic estimates far from the vortex set.

3.1. Compactness estimates near the vortex set. This section contains the main
ingredients of the paper, which are weighted inequalities near the vortex set, in the

following proposition:

Proposition 3.2. For any constant A > 0, radius R > 0 and integer N € N there
exists a constant Cy g N > 0 with the following property. For any function h € C2°(Bpg),
one-form B € C°(\' Bg) and weight w such that

w(z) =M, |z — ;| for x1,...,20 € Br counted with multiplicity for 1 < M < N ,

we have the following inequality:

/wz\h|2§CA,R7N/ w?| % dh + B]* + | *dB + V(z)h|?,
Bgr Br

provided that 0 < V(z) < Aw(:r)”i
Proof. Here we implicitly use the fact that all positive powers of w as above are admissible

weights for (B.1). Note that for any weight w(x) = IIM, |z —a;|% with ; > 0 the condition
(B.1) is satisfied. For any ¢ € C°(R?)

M
/11%2 wrAlog(w)p = /R2 w(x) ;aiAlog | — zi|o

M M
P /R () ;aiémqﬁ = 272} aiw(zi)(a;) = 0.

The last line follows from w(x;) = 0 if a; > 0.

Now we divide the rest of the proof into 5 steps:

Step 1.| We argue by contradiction. Assume there is a sequence {hy, By, wi, Vi }32,
satisfying the assumptions such that:

/ R =1,
Br
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52 :/ W2| 5 dhy, + Byf? + | dByy + Vi(@) |2 — 0 as k — oo,
Br

Now by Proposition B.2 we write the standard Hodge decomposition and the weighted
Hodge decomposition for the one-form By:

(3.1) By, = xdpy, + dg;, and wi, By, = *wgduvy, + w,;ldfk ,

where w,;ldfk € L2(R?), q,wrpvr € Wol’2(BR) and p, € W§’2(BR); since Ap, = dBy, €
L*(Bg).
Now we rewrite 67 using (3.1) and Stokes theorem to see that:

(3.2) 52 = /B Rl + 00) + w2l dfel? + | Apk + Vie(a)hal?
R

Notice that the term dg has disappeared from the expression and this is consistent with
the gauge invariance.
By (ii) in Proposition B.2 for any ¢ > 0 we estimate:

_ &2
(33) / w]3+28‘d<’l)k —pk)|2 S CR7N52/ wk2\dfk]2 S CR’N&% .
Br

Br

1+

Our goal is to use (3.2) to find uniform W'? upper bounds on w, vy, (for small enough

£ > 0) and a uniform non-zero lower bound on its L? norm to arrive at a contradiction.

In this step we find a lower bound for the L? norm of wl‘*'ﬁhk. First we
show that there exists a positive constant C'r x > 0 such that for any ¢ < % we have
the point-wise bound:

(3.4) wi < Cpn (Wit + |dwyPwiF) < wiF (1 + |dlog(wk)|?) > Crov

for weights wy, as in the statement of this proposition. Arguing by contradiction, since
wys form a compact family, (3.4) fails if and only if for some {y;}32, € Br we have:

lim wi(y;) (1+ |dlogwy(y;)?) = 0.
J—00

We can see by compactness that there exists some y € Bpg such that wi(y)(1 +
|dlogwy(y)[?) = 0, meaning also that wi(y) = 0; now since the vanishing order at
zeros of wj, with at most N roots is less than e N < 1, we can see that w; vanishes slower
than |dlog(wg)| ~ O(Jx — |~1); hence (3.4) follows. Then we can estimate:

1 :/ wilhg? < CR,N/ (Wi + |dwg |Pwi?) [hy]? < CR,N/ w2 dhg|* .
BR BR BR

In the last inequality we used Theorem B.1 with the weight wi“.

In the rest of the proof we fix
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In this step we show that wl*evy, is also lower bounded in L?. We use (3.3) to

see:
/ wz+26‘dhk‘2 < CR,N <5’% +/ w2+25ldvk\2>
Br Bgr

('52
< CgnN ({5’; +/ W;%+2€|dpk|2> .
Br

Now by standard elliptic estimates we have that for p € VVO2 2(Bg):

/ w2t dpy|? < CR,N/ |dpy|*
Br

Br

< CR,N/ |Api|* < Crn (513 +/ Vk2’hk’2) .
Br Br

1
Then by the point-wise bound V(x) < Aw,iJrN we get that:

(3.5)

(3.6)

Vi hel* < CR,N,A/ Wit |y ? < CR,N,A/ Wit (Joel® + vk + hal?) -
Br Bgr Bgr

By Poincaré inequality and Theorem B.1 with the weight w,ﬁe, we get that:

2
/ WETE o + g2 < CR/ | (wy "= (vk + 7)) | < Crovady
Br B

R

Noting that ¢ = ﬁ, we get the following lower bound:

(3.7) Crna < / W2
Bgr

provided that k is large enough.

Step 4. |In this step we find uniform upper bounds on the W12(Bg) norm of wltan V-

For this we apply Theorem B.1 with w,iﬁ, the inequality (3.3) and standard elliptic

estimates as follows:

Hwi"rkaH?}[/LQ(B )§ CR/ ‘wk’2+28‘dvk‘2 < CR,N (513 +/ wi+25’dpk‘2)
0 \ER Br Br

< CgrnN (5;% +/ Apk\Z) < CgrnN (513 +/ Vthk’2>
Bgr Br

< CARN <(5;% +/ w%\hkP) < CARN -
Br
We also bound the weighted Sobolev norms of Ay, pr and fi:
ok dfisllZ2(mg) < 08 5 Pk ly22 5, < Crova and wrhil|Zz sy < CraA-

Using Theorem B.1 with wy we also estimate wyvg:

fortnlaing <2 [k (P + et mP) < Ca (14 [ laten i+ o))
R

Bgr

< Cp (1 +/ wi|dhy +dvk|2) < Cpr(1+446}) <Ck.
Br
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Step 5. |In this last step we finish the compactness argument. By the compact embedding
WO1 2(Bgr) <. L?(Bg), Banach-Alaoglu and Rellich-Kondrachov theorem we can extract
a sub-sequence k; with some goo, foo, Poos Woo such that:

.
w,ﬁjevkj — wlffvus  strongly in L?(Bg),
Pk; — Poo strongly in Wol’2(BR) ,
Wi Vk; — WooUoo weakly in L?(Bg),

w,;jldfkj — wildfs, weakly in L?(Bg),

W hg; — Woohioo weakly in L?(Bg),
Wk, — Woo in C*(Bg) for all k >0,
Vi, = Voo weakly, in duality with L'(Bg).

Since dx; — 0 vanishes in the limit. By lower semi-continuity and (3.3)
foo =0 and pso = goo = —Avso + Voo (7)o = 0 in the sense of distributions.

Finally we test by v and use Voo (z) > 0 to get that dv,, = 0. Since v vanishes on the
boundary then vy = 0, but this contradicts (3.7) which concludes the proof. O

Corollary 3.3. As a consequence of the estimates in Proposition 3.2 we also get that
there exists a constant Cy r N such that for any 0 < e < %
C
/ w22 |dh)? < “;N/ w?| *dh + B|? + | *dB + V(z)h[2.
BR € R
Proof. The above inequality follows immediately from applying the conclusion of Propo-
sition 3.2 to the estimate (3.5) and (3.6). O

3.2. Combining near and far estimates. In this section we combine local weighted
estimates near the vortex set and uniform elliptic estimates far from the vortex set
with a concentration compactness type argument. Roughly speaking, we show that the
discrepancy cannot concentrate in an intermediate annulus around the vortex set. This
allows us to glue the near and far estimates:

Proof of Theorem 3.1. Using the first assumption we can gauge fix (u, V) in such a way
that u and ug have the same phase almost everywhere; precisely:

(0, V) — (uy, V — iv*(df)) where 7y = — ()1 |
|uol  [ul
Note that d(~*(df)) = d((‘z—gl)*(dﬂ)) - d((‘%‘)*(dﬁ)) = 0 since v and ug have the same
zero set, counted with multiplicity. Then we can write the discrepancy as:

4 1— 2
E(re®, A) —2aN = | 2| xdlog(r) + A — dO|? + | xdA — 2T 2
R2
e2h — 1
—/ P2 wdh+ B? + | % dB + 12 2,
]RQ
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where h = log ( ”) and B = A — Ay. By the third assumption we have the bound

ro
e2h_q
2

1—A2 e —1 A -1
- )< < ,
2logA ) — 2h ~— \2logA

E(re?  A) —2zN > / A2r3| xdh + B> + | xdB + V(x)h|?,
R2

1Al oo (r2) < log(A) which also means is comparable with h:

SO we can write:

for some positive potential (;é‘gf) r3(z) < V(z) < (ﬁigk) r3(x). Now by Proposi-

tion 2.3 we know that ry behaves like the weights defined in Proposition 3.2; since h is
not necessarily compactly supported, in order to apply the estimates Proposition 3.2, we
use a concentration compactness type argument. Our goal is to prove that there exists a
constant Cx y > 0 such that:

(3.8) / r2|h? gcA,N/ r2| % dh+ B2+ |« dB + V(z)h[2.
R2 R2

Arguing by contradiction, there exists a sequence {rgx, hy, By, Vi }3, such that:

/]1%2 T§k|hk‘2 =1,

ng:/ 1oy | * dhg + By|* + | x dBy + Vi(2)hg|* — 0 as k — 0.
]RQ

Now by Proposition 2.3 (applied for each k) there exists My, balls B, | (2,1), - - -, Boy o (201,)
for some My < N such that C' < pr; < Cy and {rox < Bi} C Uj-\i’cprkJ (z1,5) for
some % < B < % and Bay, (2k:) N Bap,, ; (2k,5) = 0 for all 1 < < j < Mj. Now take
b1, Y and yi to be three smooth cut-off functions on R? defined as follows:

¢ =0 on RQ\ Ujj\ikl BQPk,j (zk,j) )

M
or =1 on U2 Bz,  (2k)

M,
Yp=0 on Uj:kl B(1+§)p,w- (2k,5)

M,
Yp=1 on R2\ Uj:kl B(1+§)pk7j (Zkvj) )

Xe =0 on R\ UMY (Bap,, (26)\ By, (245))

xe=1 on Uiy (Biizy,, () \Bastyp,, (31)
with the point-wise estimate |dgg| + |dig| + |dxk| < Cn. Note that this is possible since
C;,l < pr; < Cy. Then there exists e; € L*(R%;R?) and ey € L*(R% R) such that:
(3.9) — Ay + Vie(@)h = —div() + es,

Tok

leal|Z2mey + lezllZeey = 7k
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We test (3.9) with ¢rhg, apply Young’s inequality and use the estimates on rgx in
Proposition 2.3 inside the annulus Ba,, \B,, .(2k,;) to see that

(3.10) / Ihel? + |dhg > < O (. + / l?).,
By Ay
My, My,
where B =R*\ | By, 2),,  (2ks) and A= (Buyz),, \Buit,, (214)) -
j=1 j=1

Now we apply Proposition 3.2 and Proposition 2.3 to ¢ hg, ¢ By, together with Cxlrgk <

Vi < C’Ar(z)k; then we collect the boundary terms using the bound |d¢y| < Cn to see
that:

/BC roelhil* < Can /R rorl * d(@rhi) + (0xBr)* + | * d(¢rBr) + V(@) (drhi) |

k

<Canlt+ [ +1am?) <o Oantt+ [ ).
B Ay,
Then we add the estimate above to (3.10) to see the lower bound:

1= [ bl < Cantot+ [ ).

Ay,

So we get that for large enough k, for a possibly different constant:
/ ’hk‘zch,N>0-
Ag
Finally testing (3.9) with xxhi we get that:

(3.11) / hal? + |dhgl? < Can -

Ay

Notice that by definition Ay = (J;24 (B(1+§)pk,j \B(H_%)pm (2k,5)) is a disjoint union of
M < N annuli so we get that there is at least one annulus in which the energy is

concentrating:
(3.12) /A el > Ca where Ay = By 2y, VB 3y, (o)

Then we use Corollary 3.3, Theorem B.1 and similar computations in the preceding

paragraphs to get uniform bounds as follows:

I+5%
(3.13) ”TO’“ N hk||12/1/1,2(R2) <CAN-

Note that if the right hand side of (3.8) is zero we get that —Ah + V(z)h = 0. Testing
with h and integrating by parts we get that h = 0. From the uniform bounds (3.11)
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and (3.13) we get that there exists a sub-sequence (not relabeled) such that:

1
fé: N hy, — 0 weakly in H'(R?),
hi, — 0 strongly in L?(B, +2\Bpy1),

1

55 1+5%
where 7‘0: N h(x) = T0:2N hi (P jox + 2k jo ) -
This contradicts the lower bound (3.12) on the annulus A and we conclude. O

Proof of Theorem 1.2. We apply Corollary 3.3 combined with the estimate (3.10) on
each annulus and conclude the proof. O

3.3. Stability of the Jacobian. Recall the definition of the Yang-Mills-Higgs Jacobian:
J(u, V) = W (u) + w(l — |uf?) where U(u)(j, k) = 2(Va,u,iVa,u) ,

for 1 < j,k < 2. Here w is the real curvature two-form associated to Fy. Note that the
definition of the Yang-Mills-Higgs Jacobian is gauge invariant. We recall the statement
of Theorem 1.3:

Theorem. For any N € N and A > 1 there exists Cp n,na,n > 0 with the following
properties. Let (u,V) € Wli’cz(RQ) be a section and connection on the trivial line bundle
R? x C such that

(i) *d ((ﬁ)*(d@)) =27 Z,ivzl 8z, for a collection of points {xx}y_; C R? (counted
with multiplicity).

(i1) E(u,V)—2rN < 77/2\’]\, :

(iii) A Huo| < |u| < Alug| for some N-vortex solution (ug, Vo) with {xx}Y_, as the

zero set (counted with multiplicity) .

Then we have the following estimate:

|J('LL,V) - J(U[},V())’ < CA,|N\\/E(U’7 V) - 27T’N| :
RQ

Proof. Recall the estimate of Theorem 1.2 for any 0 < € < %

/ ’uO |2+25
R2

Note that we can write the Jacobian in a gauge invariant way. Using (i) we can gauge fix

|U()‘ 62

2
C
A— Ao + \dlog ('“)] ] < AN (B, 9) — 2| V]

as in the proof of Theorem 3.1 such that u = re?® and ug = rge? have the same phase.
Then we can rewrite the Yang-Mills-Higgs Jacobian as follows:

J(u,V) = (1 —7r3dA - 2rdr A (A — df).
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To estimate the difference, we see that:
|J(u, V) — J(ug, Vo) g/ (1= r?)dA — (1 —1§)dAo|
R2 R2
+ |2rdr A (A — df) — 2rodro A (Ag — df)| =T+ 11.
R2

We use Theorem 3.1 and estimate the first term:

I< [ |(1=r*)dA—(1—-r5)dAo|
RQ

[l (] s o] [fa-ne]

< Cn vV E(u, V) — 2n|N].

Then for the second term we proceed as follows:

II< |rdr A (A — df) — rodro A (Ag — db)|
RQ
1 1

2 2
(3.14) <Cx [/ 2 |rdr — rodro\z] {/ reT%| Ag — d0|2]
R2 R2

1
+Ch [/ r§+2€|A—AO|2]2 [/ razaldr0|2r.
R2 R2

Take ﬁ <e< % and estimate as follows:
/ rE 72 |rdr — rodro|? =
RQ
— /RQ 7}2)572 ’r2dlog(r) - 7“8dlog(r0)‘2
< CA/ T(2]+25
RZ

< Oy [E(w, V) — 2| N|] + Ca / 12542 log(ro)
]RQ

(3.15) N
dtog (2[4 laton(r)P - )
0

log (T)
)

2

In the last line we used assumption (i) to see that

_ T T T
;' log () <17 1] < Callog () I
To To To

Now let {B,, ()}, be the covering constructed in Proposition 2.3 and let wj, the

associated weights. Then locally we have:

|d1og (ro) — dlog(wk)l Lo (B, (1) < ON -

Moreover take smooth indicators ¢y, for B, (21) such that ¢ =1 on B,, (2;) and zero
outside By, (z) with |d¢y| < Cn; we see that the last term in (3.15) is bounded as
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log <T> log <r>
7o To

follows:

[ s dtostro)?
]R2

2

< cNAZ / B2+ [dlog(wi))

Bap,, (2k)

+Cn oA ][ | log < ) ‘2
R2\ UpL, By, (21) o

2+2¢

Then we use Theorem B.1 with w;
above display to see that:

and Poincaré inequality for the first sum in the
Z / SR (C + |dlog(wr) )
ngk 2k)

o (72)
r 2
< CNA Z/ kw]iJrE log (T‘o)

+ ¢ld(wy )
ngk Zk
dlog <T>
7o

< Cwa Z / Rt
Bap, (21)

Here the last line follows by Corollary 3.3 (or Theorem 1.2). We then use (3.10) to bound

log(r /7o) on R2\ UM, B,, (2) and see that:

/ rg€+2\dlog(r0)\2 log (T)
R2 To

Using the above display we can bound (3.15) as follows:

2

< >
T )
2

< Cna [E(u, V) = 27|N]] .

2

2
< Oy [E(u, V) = 27|N]] .

/ 16" 2 rdr — rodrol* < Ca N [E(u, V) — 2| N .
R2

Now all that remains is to bound the second term of (3.15). Notice that if ¢ < % the
‘2—6

2e

term 7, * is comparable to |z — p around any vortex point p for some d > 0. This

means that it is locally integrable, hence
/ T'0_26|d7’0’2 < C’N75 .
RQ

Here we used that the integral of |drg|? is bounded on the whole domain. Now we use

the estimates on the connection in Theorem 1.2 to see that for € = ﬁ:

I1 < Cy vV E(u, V) — 27| N| .

This is indeed the desired conclusion. O

4. A SELECTION PRINCIPLE AND THE PROOF OF STABILITY

The main goal of this section is to drop the first and the third assumption in
Theorem 3.1. We prove that for any (u,V) € VV;)C2 (R?) that nearly minimizes the
energy, we can select another pair (@, V) close enough to (u,V) that satisfies the
assumptions of Theorem 3.1. We do this by inductively replacing (u, V) with a minima

of the penalized functional (4.1) (proof of existence in Lemma 4.2). In each iteration
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while staying close to the original (u, V) we gain at least one derivative of regularity
(proof of regularity in Lemma 4.4). Then using Lemma A.1 (smooth perturbation of
complex polynomials) we show that after finitely many steps the new pair (4, @) satisfies
the assumptions of Theorem 3.1.

Theorem 4.1. There exists constants Cn, Any > 0 with the property that for any N -
vortex section and connection (u, V) with finite energy E(u, V) = 2| N| +n? there evists
another N-vortex section and connection (i, V) such that:
(i) [lu— ﬂ’”%Q(RQ) + |1 Fe — FﬁH%ﬁ(Rz) < Cnn?,
(ii) Aytluol < |a| < Anluo| for some N-vortex solution (ug, Vo) to the vortex
equations (2.4),

(iii) 2rN < E(4,V) < E(u, V),

provided that n is small enough.

To prove Theorem 4.1 we use a penalized energy to find a selection principle:
(4.1) Gluw) (u1, V1) = E(u1, V1) + [lur — ulFogey + A1 — Al Z2(ge) -
This energy also enjoys the coupled gauge invariance
(u, V) = (ue®, A+ d¢) and (uy, V1) — (u1e®, Ay + d€) ,

for any smooth compactly supported function £ € CZ° (R?). Note that both pairs have
to be gauge transformed with the same function.

4.1. Existence. We first prove the existence of a minimizer of (4.1) via the direct
method of the calculus of variations:

Lemma 4.2. For any N-vortex section and connection (u, V) with E(u,V) = 2rN +n2,
the penalized energy G, vy (4-1) achieves its minimum for some N-vortez pair (u1, Vi) €

W2 (R?).

loc

Proof. We have the lower bound:
(](u,v)(ul,vl) > E(ul,Vl) > 27N .
Hence there exists an N-vortex sequence (v;, V) realizing the infimum of (4.1):

lim g(wv) (Uj, Vj) = inf g(u’v) (ul, Vl) .

j—oo (U17V1)€W1’2

loc
Let Q be any bounded smooth simply connected domain. By the gauge invariance of (4.1),
we can gauge fix (vj, V;) = (wj, B;) in the Coulomb gauge such that Bj; is divergence
free d*B; = 0 inside the domain ) and its normal component vanishes ¢, B; = 0 on
the boundary 0f). By Gaffney inequalities (see [18, Theorem 4.8]) and a compactness
argument we can bound:

1Bj 13120y < ColldB;lZa) < Can -
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By the global Sobolev embedding W12(R?) <, L*(R?) we get the following bounds:

s oy = [ oyl + e P

< Cq <1 + /(1 - |wj2)2> + C/ |dw; — iw; By|* + w; B;[?
Q Q
<Can + CijBjH%Z(Q) <Con + CijH%‘l(Q)HBjH%‘l(Q)
<Caon+ CijH%/Vl»?(Q)|‘Bj||12/l/1,2(Q) <Cqn.
Then we can find a sub-sequence (wj, Bj) (not necessarily relabeled) and a limit section

and connection (u1, V1) € W' such that after gauge fixing (u1, A1) in the Coulomb

loc

gauge in 2 we get that:
(’LUj, Bj) — (ul,Al) weakly in W1’2(R2) .

loc

We need to show that (u;, Vi) is also an N-vortex pair. First observe that (u, V) is a
competitor with energy G, v)(u, V) = 27N + n?: by lower semi-continuity we get that:

2 . . 2 2

Hul - UHLQ(RQ) < 11]H_1>10Iolf HU]' — UHLQ(RQ) <n".
In particular the difference is bounded in L?. Now consider a smooth kernel ¢ and let
the e-rescaled version to be ¢, = %qﬁ(%) Then consider the mollified functions u * ¢,

and uj x ¢.. By the embedding I/VIIOE(IR{Q) — VMO0 (R?), where VMOy,.. is the space of
functions with locally vanishing mean oscillation, we can see that:

u* e — u and uy * ¢ — uy in BMO N L}, (Bg) as e — 0.

By [3, Property 2 in Chapter I1.2] we can see that for small enough e the degree of u * ¢,
and wuy * ¢, is equal to the degree of u and wu;, respectively. Now we can estimate for
fixed e:

Jim llge x (u—w)llco@aze < Jim e lu —urllza@esg = 0.

Hence for all R large enough, the degree of ¢. * u coincides with ¢. * u; and we can
conclude that (u1, V1) is indeed an N-vortex pair. O

Remark 4.3. Without loss of generality we may assume |u| < 3, precisely: For any
(u, V) with 7 > 0 small enough, we can find another section u; such that |u;| < 3 and:

lu— ulHQLQ(RQ) < Cn?* and E(uy,V) < E(u, V),
for some universal constant C'.

Proof. Identifying u = re® and V : d — iA, consider the super level set {r > 2}. From
the energy bound we can see that:

r> 2}|+/ drf? < Cy .

r>2



24 A. HALAVATI

Similar to the proof of Lemma 2.1, using the coarea formula and the mean value
theorem we can find 2 < 8 < 3 such that H! (9{r > 8}) < Cy. Since perimeter bounds
diameter, {r > §} is made of a collection of bounded simply connected domains. Now
we unwrap the discrepancy in this domain (with the Bogomolny trick, for more details
see Lemma, 2.1):

1-— 7’2‘2
2

(1—7r2)?
4

n? 2/ xdr+r(A— o)+ | »dA —
(r25)
:/ dr[2+ 12| A — O + |dA]? + — d(do)(1 —r?).
(r28)

Note that d(df) = 0 away from {r = 0}, hence we can see that:

_2)2
(4.2) / M <n?.
(r=pp 4
Since (1 —72)2 > 9 on {r > 3} hence (4.2) tells us that:
{r =B <n*.

Now we define uq:

u on {|u| < 3},
3% on {|u] >3}.

[ul

We estimate the energy difference:

(1—17r%)?2—64
Eu,V)—E(u,V)= / ldr|? + (12 — 9)|A — df|* + |[dA]? + ————— >0,

{r=3}

and the difference of sections using (4.2):
o=l = [ lu-uP<clrzay+c[ <o,
{r=3} {r=3}
where the last inequality followed from
_2)2
/ r2<C A=) o

{r>3) >3y 4

This indeed gives us the desired conclusion. O

4.2. Regularity. In this section we derive regularity estimates for minimizers of the
penalized functional (4.1):

Lemma 4.4. Let (u,V) be a section and connection with finite energy E(u,V) =
2N + 02, with small enough n > 0 and |u| < 3. Moreover let (ui, V1) be a minimizer
of (4.1). Then for any 0 < a < 1 we have the reqularity estimates below:

(i) lurllera(o) + [Atllore@) < Cona,
(i) |lurllcrrra() + [A1llorira) < Cangalllullore@) + I[Allcrea@) + 1),
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for all k > 1 and any domain Q2 where both (u1, A1), (u, A) are independently measured
in the Coulomb gauge in a slightly bigger domain U D 2.

Proof. We inspire from the strategy in [26, Appendix|. However since we are in two
dimensions, the embedding W?22(R?) < C%(R?) greatly simplifies the proof.

For any open bounded smooth domain 2 we take three bigger domains 2 C €y C
Qo C Q3. Then we gauge fix (u1, A1) in Q3 in the Coulomb gauge such that d*A; =0
inside 23 and A;(v) = 0 on OU. Now the Euler Lagrange equations for minimizers of
(4.1) are as follows:

1
2
(4.4) AgA = (dul — z'ulAl, ’iU1> + A1 —A.

(4.3) Auy = 2<idU1,A1> + |A1‘QU1 — (1 — ’U1|2)U1 + (U1 — u) ,

Here Aj is the Laplace Beltrami operator for one-forms. The Euler Lagrange equations
for the difference in gauge is as follows:

(4.5) d*A = (u,iuy) .
By Gaffney type inequalities in [18] we estimate:
[ A1llwr2(,) < ClldAr]2(0q) < Cn -
The Euler-Lagrange equation for |u|? is as follows:
1 1
(4.6) Aslu]? = [Viw[* = S(1 = [ua ) ur? + fur]? = (u, ur) .
2 2

We apply the maximum principle for (4.6) and the bound |u| < 3 to deduce that
|ui| < max (Jul,1) < 3. Then by (4.4) we get that:

[ A1l w22(05) < ON .0 -

Now by the Sobolev embedding W22(R?) C C%(R?) for any 0 < a < 1 and W?2(R?) C
WLP(R?) for all 1 < p < oo we estimate that:

[A1llca(,) < Ca,n 0,0, and [|Arllwiry) < Cp N0 -

Then we use this pointwise bound with (4.3) to see that Awu; is bounded in L2. By
standard elliptic estimates we get that:

HulHWQ*Q(Ql) < CN,Qth,Q:s = HUIHCO‘(fh) < COé,Ql,QmQ:s :
We use the embedding W?%2(R?) C W1P(R?) again to see that:
HulHWl’P(Sh) < CN,917Q2,Q3 :

Then by (4.3) and (4.4) we get that Au; and Ay A; are both bounded in LP for all

1 < p < 00, so we can improve the W22 estimates to W2P? as follows:

[t llwze ) + [[A1llw2r@) < Cnap-
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From the embedding W2P(R?) ¢ C1*(R?) for p > 2 and o = 1 — % we get Holder
estimates as follows:

(4.7) urllcraq) + [[A1llcre@) < Cang-
To gain higher regularity estimates consider the Hodge decomposition of A in U:
A=dp+ A,

Where (u', A") is in the Coulomb gauge, precisely d*A’ = 0 in Q3 and A’(v) = 0 on
the boundary 0€23. Then we rewrite the system of equations (4.3) to (4.5) using this

decomposition:
1 .
Aup = 2<idU1,A1> + \Al\Qul — 5(1 — ]u1\2)u1 + (U1 — e’¢u’) R
(48) AgA = <dU1 —quyAq, ’iU1> + Ay — A — do,

A¢ = (uy — €u' iuyg) .
We gain higher regularity estimates with standard iteration arguments in intermediate

domains starting from the apriori estaimtes (4.7) and Schauder estimates for the system
of equations (4.8). O

Proof of Theorem 4.1. Take any section and connection (u, V) with energy E(u,V) =
27N + n? with small enough 1 > 0. First using Remark 4.3 we may assume |u| < 3,
without loss of generality. Then we replace (u,V) with a minimizer of the penalized
energy G, v) in (4.1) (existence provided by Lemma 4.2). In fact we repeat this process
N times. Then from Lemma 4.4 we use the regularity estimate (i) at the first step
and (i) inductively after the second step. We end up with a new N-vortex section and
connection (4, V) with the following estimates for some fixed 0 < o < 1:

= all3 ey + [E(@ V) - 22N <2,

]| vy + HAH CanNas -

<
CNe(Q) ~
for any smooth connected open domain € where (i, A) is measured in the Coulomb
gauge in a slightly bigger domain ((u, V) is also simultaneously gauge transformed).
Now we consider the sublevel set Q1 = {|a| < 3} and its disjoint connected components
UEOZIQ]% =Q 1. We start with the pirturbed vortex equations for |a|:
1—|af?

€1
9 p

Alog(|u]) + ]

— wd <(’Z‘)*(d0)> +div(—=) + ez,
lex 222y + lleall?2 ey < 72

We test this equation with (3 — |@|?)* and estimate for each component Q% :
2

Q% n{la| < 1}! +/ \d|a||* < C deg(a, 0Q%) + Cn? .
2 4 Qli 2

2
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First notice that for all k¥ € N the degree deg(@, Q%) > 0 is positive (provided 7 is small
2

enough). Then consider the set Iy C N of indices k& where @ has zero rotation number

around Q’i and I C N the components with positive rotation number. By mean value
2

theorem there exists a % <p< % such that:

S il <y ey <o 3 [P Hioq <o nofar.

kely kelp” 8

Then by the coarea formula and then Young’s inequality we get that:

S w1 ofal smm%sczf dlal| < Cn?,
2 {IﬁISB}ﬂQ’%

kelp kel

where we also used the measure estimates on Q’j for k € Iy. Since for connected sets,

2
perimeter bounds diameter, by a Vitali covering argument we find disjoint balls B, ()
for k € Iy such that:

>~ o < o and Uer, @ N{Jill < B} € Urery By ()

kely
Moreover we get that % < |a| < 3 on Uger, 0By, (x1). Then by Lipschitz bounds and
diameter estimates we can clear out the set as follows; note that % < |a| < 3 on the
boundary of the balls with zero degree, namely Uycr,0B,, (z) and |d|u|| < Cn. However
since these balls have small diameter, precisely >, 5Pk < C N1?, we see that necessarily
|G| > 1% inside Uper, By, (w) (provided 7 is small enough). Then for the connected
components with positive rotation number we can find balls B,, () for k € I with
|I| < N such that:

Iilalxpk < Cy and Uger Q’i N {’ﬂ| < 5} - UkGIBpk(xk) and |I| < N.
S 2

Then for each k € I consider (u1, A1) with uniform local CNV® estimates. Arguing by
contradiction and Arzela-Ascolli, we deduce that for small enough discrepancy n > 0 the
section uy is locally a CV perturbation of a solution to the vortex equations (2.4):

i(z) = uo(2) + R(z) for 2 € Uper By, (w) such that [|Rl|ov ., B, (24) < €n

where ¢, vanishes as 7 — 0. By Proposition 2.3 and [30] we know that solutions are
locally, up to a smooth change of gauge, complex polynomials multiplied by an analytic
nonzero function. More precisely there exists an analytic function AJ_\,1 < g(z) < An
uniformly bounded away from zero and uniform C bounds only depending on N such
that:

i

z R(z
(—) = Hﬂil(z —ag) + ) for z € Uper By, (k) -

(
() 9(2)

Finally we are in a position to apply Lemma A.1 and conclude that (a, /Nl) satisfies the

<

assumptions of Theorem 3.1. U
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4.3. Proof of stability in R%. Here we prove the stability in its general form:

Proof of Theorem 1.1. By Theorem 4.1 we find (i, A) satisfying the regularity assump-
tions of Theorem 3.1 for some (up, V). Then we apply Theorem 3.1 and estimate:

Ju = w0l < 2l = il + 20~ w0l ey < O and
1B = Foyll72@2) < 2P = Follzame) + 21 Fe = Foollzz@e) < Cnn’,

and we conclude with the proof. O

4.4. The power 2 is optimal. One may perturb any N-vortex solution (ug, Vo) with
a smooth real valued function h € C2°(R?) to see that:

2h
-1
E(uge”, Vo) — 27N = /R luo|2]  dh|2 + Juo|?| et 2

We can choose h to be a mollified indicator function of a ball Br(z) sufficiently far from

the vortex set (as in Proposition 2.3) to see that:
E(uge”, Vo) — 20N > CR? > C||h||%2(R2)

> Clluge® — upl[32z2 > ¢ min luoe” — ullZage)

Taking R — 0 we see that there exists a sequence {(uy, Vi)}52:

E(ug, Vi) — 27N
E(uk, Vi) — 27N and lim —, (u, Vi) — 27 2
k—o00 MiN(y4,Vo)eF ||UQ — ukHLQ(RQ)

>0.
Hence we can see that the power 2 may not be improved.

5. STABILITY FOR COMPACT SURFACES

In this section we show that the methods above can be adapted to obtain stability
for nontrivial line bundles over compact Riemannian surfaces. The proofs are mostly
unchanged with slight modifications. Let (M, g) be a smooth Riemann surface and let
L — M be a nontrivial Hermitian line bundle over M. Using a Stokes theorem, we have
that for any section and connection (u, V):

1— 2
(51)  B(u,V) :27T|deg(L)|—|—/ [!Valu+iv(r)2u|2+|w_2“”|2
M

Naturally, the vortex equations take the same form:
1— |uf?
5 -

Where w is the real two-form associated to Fy. Integrating the second equation over M

(5.2) Vo u+iVyu=0and rw =

we see that:

1
|deg(L)| < 4—V01(M).
T
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In [15] Garcia-Prada proves if the condition above is satisfied, once we prescribe the zero
set (counted with multiplicity), the solution is unique and smooth. We now recall the
statement of Theorem 1.4:

Theorem. Let M be a smooth compact Riemannian surface and L — M a Hermitian
line bundle over M with 0 < deg(L) < Lvol(M). Then there exists a constant Cpr > 0
depending only on M, with the following property: Let (u,V) € W1H2(M) be a section
and connection on L such that E(u,V) — 27 deg(L) is small enough, then:

: 2 2
i =l gy + 1Fo = Foy ) < Car[B(u, V) — 2m deg(L)]

where F is the family all minimizers of the Yang-Mills-Higgs energy on L — M.

Remark. Before diving into the proof, note that on compact surfaces the Sobolev space
W12(M) embeds into the space of functions of vanishing mean oscillation VMO(M),
hence the degree is well defined.

5.1. Preliminary estimates on solutions. Here we prove some facts about solutions
of the vortex equations on smooth compact surfaces. First using the vortex equations,

we can see that
1 1
§A|Uo\2 = |Vouo|® — §|UO\2(1 — |uol?)

and by an application of the maximum principle, since M is compact, we can see that
lu| <1 on M.

Proposition 5.1. For any compact smooth Riemann surface (M, g) there exists small
constants cyr, Bar > 0 and a constant Cyy > 1 depending on M with the following
property. Let L — M be a Hermitian line bundle on M with 0 < deg(L) < =vol(M)
and (up, Vo) be a solution to the vorter equations (2.4) with the prescribed zero set
T1, .. Taeg(r) € M counted with multiplicity. Then there exists a geodesic ball By(xo)
such that:
(i) |uol > Bar > 0 on Byy(zo) with cpr < p < 2cpr,
(ii) Cyfw < |ug| < Cppw, where w(z) = Hiezl(L)d(x,:ck) ,
(iii) All geodesic balls of radius less than 2cp; are uniformly bi-Lipschitz to euclidean

balls of comparable radius.

Here d(z,y) is the geodesic distance between x,y on M.

Proof. The proof is essentially the same as Proposition 2.3 with some modifications in
the case of compact surfaces. First notice that the modulus rg = |ug| satisfies a similar
equation:
deg(L)
(5.3) —Aglog(ro) + =(rg —1) == > 2wl .

k=1

[u—

2
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Multiplying the above display by (32 — r¢)™ and integrating by parts we see that:
1
| lanf = ) (57 - ) = 2m8 dew(L).
{ro<s}

Now we take 8y small enough and using the smooth coarea formula in the place of the
euclidean one, following the proof of (i) in Proposition 2.3 we can cover the vortex set
{ro < Bar} with a collection of n < deg(L) geodesic balls { By (2;)}j_; with small enough
radius o > 0; namely, {ro < Bu} C Ujp_; Bo(z1). Now since n < deg(L) < Lvol(M),
we can take o, By small enough such that the complement contains a geodesic ball.
Precisely, there exists a point zg and a radius p > ¢y such that 79 > Bar on Ba,(zo).
This proves (i).

Now we prove part (ii) in each ball B, (zj). Consider the zeros of rg inside B, (z)
and name them zi,...,z,, (without loss of generality). Now consider the function
Wp(x) = H"’“le_G @) where G »(2) is the Green’s function for the ball By, (z)) centered
on p. We see that:

—Aylog(w Z dz; inside By (zy) -
7=1

Subtracting the above display from (5.3) and using the maximum principle, we can see
that || log(%)HLm(Ba(Zk)) < Chy- By [23, eq (1.1)] (see (B.2) and the paragraph after) we
can see that @y, is locally comparable to H;Li 1d(z, x;). Then we put together this estimate
for all k =1,...,n and use the global bound |ug| < 1 together with compactness of M
to obtain (7).

Item (1) simply follows by compactness and choosing ¢j; small enough. U

5.2. Stability for regular pairs. The goal now is to prove the stability for regular
enough pairs (analogous to Theorem 3.1), in the following theorem:

Theorem 5.2. For any compact smooth Riemann surface (M, g) and A > 1 there exists
nam, Ca,v > 0 with the following property: Let L — M be a Hermitian line bundle on
M with 0 < deg(L) < ;=vol(M) and let (u, V) be a pair such that:
(i) d((1%)"(df)) = 2m zdeg“

(i) E(u, V) — 2m deg(L) < 3 5,

(iii) A~ uo| < |ul < Alul,
where (ug, Vo) is the solution of the vortex equations (2.4) on L — M with the zero set
T1,. . Tdeg(r) € M (counted with multiplicity). Then:

lul — |u0‘”L2(M +[[Fv — FV0||L2 ) < Cam [E(u, V) = 27N]

First we prove the analogous statement to Proposition 3.2. We need to subtract a
geodesic ball from the manifold, since the estimates of Appendix B only work on surfaces
with boundary. More precisely, there are no non-constant weights that satisfy (B.1) on

compact surfaces, so the statements of Appendix B are empty on a compact manifold.
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Proposition 5.3. Let (M, g) be a Riemannian surface. Then for any A > 1 and integer
n > 0 there exists a constant Cyp A pr with the following property. Let w be a weight as in
(B.2) with integer powers. Precisely:

w=1II}_d(z,x) for a collection {zy}}i_y C M counted with multiplicity .

Moreover let B,(xo) be a geodesic ball with radius cpr < p < 2cp. Then for any
compactly supported function h € C°(M\B,(xo)) and one-form B € O (A M\B,(z0))
the following weighted inequality holds:

/ W?h|* < Cpam [w?| xdh + B|* + | xdB + V(z)h|*] ,
M\Bj(zo) M\Bj(0)

provided that 0 < V(x) < Aw(:n)H%.

Proof. Since the estimates in Appendix B have universal constants and work on arbitrary
surfaces with boundary, we can apply the proof of Proposition 3.2 almost verbatim. The
only difference is that we also need to keep track of a sequence of geodesic balls B, (zqx)
subtracted from the manifold. However since the radius is bounded above and below
away from zero (cpr < pr < 2c¢pr) and the manifold M is compact, we can extract a
sub-sequential limit to some M\ B, (zoe) with cpr < poe < 2¢ps. The rest of the proof
is unchanged. O

In the rest of this subsection we work to patch the estimates of the subtracted ball to
the rest of the manifold and conclude the stability for regular enough pairs.

Proof of Theorem 5.2. Up to conjugating u, assume that deg(L) > 0. Now observe that,
after identifying V : d —iA and u = re for some 6 : M — S and one-form A € A\'(M)
the energy has the following form:

1—7’2’2 '

E(u,V) —2rdeg(L) = / [7“2\ *dlog(r) + A —df|* + | xdA — 5
M

g
[ul ™ Juol’

equal phase. Then naming h = log(-=) for 79 = |ug| and B = A — Ay for Vg : d — iAo,

o

Then by the assumption (i) we can gauge fix such that namely wu,up have

we see that:

E(u,V)—deeg(L):/ [7?| % dh + B|* + | xdB + V(z)h|*] ,
M

where V (z) = rd 62;];1. By assumption (ii) we can see that ||h||fe(ps) < log(A), hence
Cxlrg < V(z) < Car3. Now we proceed similar to the proof of Theorem 3.1. In fact,
we prove that as a consequence of Proposition 5.3 and the Poincaré inequality on small
geodesic balls, the discrepancy cannot concentrate on the subtracted ball. In fact we
alm to prove that there exists some constant Cjs such that:

/ r2|h|? gCM/ [r?| % dh + B|* + | *dB + V (z)h|*] .
M M
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Arguing by contradiction, assume there is a sequence {7y, hy, By, Vi } 32, satisfying the
assumptions, such that:

/ T‘i’hk|2 =1,
M

7ﬁ:i/ [r}| * dhg + By|* + | x dBy + Vi(2)hi|*] — 0.
M

Defining e; = xdhy + By, and ey = *d By + Vi (x)hy the above display takes the following
form:

€ .
(5.4) —Aghy + Vi(z)hy, = *d(r—;) + ez with H61||%2(M) + H62||%2(M) < Cnp.
Now take the geodesic ball By, (v1) as in (i) Proposition 5.1 and define the two cut-off
functions 0 < ¥y, ¢ < 1 as follows:

¢ =1 on Bpk/Q(xk‘)a Y =1on M\Bpk/Q(xk)a
gf)k =0 on M\Bpk(ﬂjk) s ’(/)k =0 on Bpk/?:(xk) s
|dor| < Chr . \dipy| < Cr .

First we test (5.4) with ¢yhy, integrate by parts and use the estimates for 74, on B, (i)
with Young’s inequality to see that:

(5.5) / el + |2 < Capam + / Ihel?.
Bpk/2(wk) Bpk xk)

Now we apply Proposition 5.3 for 1yhg, 1By to see that (using assumption (i) and
(#4i) in Proposition 5.1):

/ 2l < / P2lohi?
M\Bpk/Q(xk) M\Bpk/B(xk)

< C’M,A/ [l % d(rhi) + Y Brl* + | x d(VrBr) + Vi(2) (Yrhi) ]
M\B,,/a(zx)

77/3+/ |hk|2] :
Bﬂk(xk)

Notice that on B, (x;) we have r, > By > 0. Combining the above display with

< Cua

o +/ |hie|? + dhk|2] <5 Cma
B, s2(@k)

[7khellL2(ar) = 1 we see that for large enough &:

/ |hi|* > Cpra > 0.
Bpk (wk)

Similarly testing (5.4) with xhy such that x; = 1 on B, (zj) and xx = 0 on M\ By, (z),
we see that:

[ el+lam? < Cua
By, (zg

Note that by (iv) in Proposition 5.1 and ¢y < p, < 2cps the geodesic balls B, (x)) are
uniformly bi-Lipschitz to the unit disk in the euclidean plane. Combining the last two
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displays, using Banach-Alagolu, Rellich—-Kondrachov theorem together we the bounds on
the radius, we may extract a convergent sub-sequence in W2, Moreover the weak limit
satisfies (5.4) with [[e1]|2(ar) = lleal|L2(ar) = 0, testing the equation by h we see that
any weak limit of h; should be 0. However since the L? norm of hy, is uniformly bounded
below and away from zero, by the strong L? convergence, contradiction follows. O

Similar to Corollary 3.3 we have that:

Corollary 5.4. As a consequence of the estimates above we also get that there exists a

constant Ca pr > 0 such that for any 0 < e < %:
C
/ W% |dh)? < A’Q’"“N/ w2 xdh + B> + | dB + V(x)h|?.
M € M

5.3. Selection principle and proof of stability on compact surfaces. Here we find
a reqular enough pair satisfying the assumptions of Theorem 5.2 second order close to any
nearly minimizing pair (u, V) € W12(M). The proof is adapted with little modification.

Theorem 5.5. Let (M, g) be a compact Riemannian surface. Then there exists constants
nar, Car, Mg with the following property: Let L — M be a Hermitian line bundle with
0 < deg(L) < 4=vol(M). Then for any pair of section and connection (u, V) € Wh2(M)
such that E(u,V) — 2rdeg(L) < n3,;. Then there exists another pair (i, V) with the
following properties:

(i) |lu— ﬂ”Qm(M) + || Fv — F@H%(]\@ < Oy [E(u,V) — 2w deg(L)] .
(ii) Ayjluo| < || < Anrluo| for some solution (ug, Vo) with E(ug, Vo) = 2 deg(L) .
(iii) 2w deg(L) < E(u,V) < E(u, V) .

Proof. The proof is essentially the same as Theorem 4.1. Similar to Remark 4.3 we
can assume without loss of generality that |u| < 3. Then we replace (u,V) with the
minimizer of the following auxiliary energy:

Gy (u1, V1) = E(ur, Vi) + [lu = wr|[Z20p) + 14 = Adll72ap) -

The existence and regularity follow verbatim as in Lemma 4.2 and Lemma 4.4 respectively.
(In fact the proof of existence is a bit simplified since it is straightforward to prove that
the degree passes to the limit) Iterating the process deg(L) times, we see that we can
find a pair (i, V) such that:

I~ ullZaap + 1P — Fol2aap < Cor [B(u, V) — 27 deg(L)]

Moreover, for any simply connected domain 2 € M there exists a constant Cq ) with
the following property: After a suitable gauge transformation (u, A) = (e, A+ d¢) for
¢ e Wol’2(Q) such that:

Ayl = d* A inside Q ¢ M and V,& = 1, A on 99,
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we have the following estimate:
€| cacszr.a(q) < Chr-

Arguing by contradiction and compactness, using Arzala-Ascoli we can see that if 3, is
small enough, then @e® is a CV perturbation of some solution ug. Now we take a local
chart of U C 2 and map everything onto an euclidean ball; then taking small enough
domains and arguing by compactness, we can apply Lemma A.1 to conclude as in the
proof of Theorem 4.1. O

Proof of Theorem 1.4. Using Theorem 5.5 and Theorem 5.2, the proof of Theorem 1.1
applies verbatim. O

Proof of Theorem 1.5. The proof follows from Corollary 5.4, similar to the proof of
Theorem 1.2 and Theorem 1.3. 0

APPENDIX A. SMOOTH PERTURBATION OF COMPLEX POLYNOMIALS

Lemma A.1. For any integer N > 0 there exists constants Ay > 1 and ey > 0 with the
following property: Let P(z) = I, (z — a;) be a complex polynomial with degree N with
ap,...,anN € B%(O). Then for any perturbation R : B1(0) — C with ||R[|c~ (B, o)) < en
there exists another complex polynomial Q(z) = IIY_ (2 — b;) with by, ...,by € B% (0)
such that:
1 _ |P(2) + R(z)|

W= Teer =
Proof. We prove the lemma by induction. By the bound |R(z)| < en < |P(z)| on 0B
and Rouche’s theorem, there exists a point a € By such that P(a) + R(a) = 0. Then we
define R(z) = R(z) + P(a) so that R(a) = 0 and we write:

P(z)+ R(z) P(z)—P(a)+ R(z) P(z)— Pla)  R(2)

Z—a Z—a zZ—a zZ—a

Since R(z) = R(z) — R(a) we get that ||RH0N(31) < 2en. Then by a Taylor expansion
we estimate:

R(2) .
I-— llev-15,) < OnlBllov s, < Cnen -
Now since P)=Pla) is a complex polynomial with degree N — 1, by induction we see

zZ—a
that there exists a complex polynomial Q(z) such that:

1 _(P(2) = P(a) + R(z
M Q(2)(z —a)
Naming Q(z) = Q(z)(z — a) we get that:
|P(2) + R(2)|
Q(2)]

The case N =1 follows by a standard transversality argument. O

)‘SAN—L

AV < < Ay.
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APPENDIX B. WEIGHTED ELLIPTIC INEQUALITIES

Here we state some results from [16] for convenience of the reader. Let {2 be a smooth
bounded open domain 2 C M of a smooth Riemannian two-manifold. We work with
weights w € W12(Q) that formally satisfy:

w?Aylog(w) =0 in Q,

in a weak sense. Precisely for any ¢ € C2°(Q) the following identity holds:
(B.1) /Q [4|dw|*¢ — w?Agg] = 0.
In the case of M := R? all weights of the form

w(z) = IP_, | — ag|* with {a;}?_; € R? and a; > 0,

are admissible. More generally (as in [16]) for a smooth open and bounded domain
) C M in a smooth two-manifold, the weights can take the following form:

(B.2) w(z) = M e~ @) with {py}7_, € Qand oy, > 0,

where Gp,(z) = G(p, z) is the Green’s function for the domain €2 centered on p, namely
the fundamental solution for the Laplacian on Q (for a comprehensive account of the
Green’s function on smooth manifolds see [23]). Following the observation in [23, eq
(1.1)], we see that there is some constant C' > 0 such that any weight of the form (B.2)
satisfies:

CMw(x) < T yd(w, pe)* < Cw(a) in 2,
where d(x,y) is the geodesic distance between x,y on M. Now we state the theorems:

Theorem B.1. Let (M2, g) be a smooth 2-manifold and Q C M? a smooth open domain

with boundary. Consider a weight w as in (B.1). Then for any compactly supported
function f € C°(Q) we have that:

2 2 2 2
/Qrw i </Qw VP

The next proposition contains the ideas of the weighted Hodge decomposition in a
general settings:

Proposition B.2. Let B be a smooth compactly supported one form B € C(A\' Q) and
Q a smooth simply connected open domain with boundary on a two-manifold @ C M?
and let w be a weight satisfying (B.1). Then we have the following:
(i) There ezists functions h, f with [, w?|dh|* +w™2|df|* < oo such that h minimizes
the weighted functional fQ w?|B — xdh|?. Consequently, we have the weighted
Hodge decomposition as follows:

wB = xwdh + w™tdf .
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(ii) Let v, ¢ € WE2(Q) be the evact and co-ezxact part of the standard Hodge decom-
position of B

B = xd¢ + dy.
Then we have the estimates below for any & > 0:

sup w?
| (dh — do)[|3 5 CL

o™ df |72
(iii) Let wy,By be a sequence of weights and one-forms such that
wi By, = xwidhy + wy, 'dfy, and By = xdy, + dify,
with w,;ldfk — 0 strongly in L*(9).
Then for any fized € > 0, we have that:
wite(hy, — x) — 0 strongly in L*(Q) and weakly in WH2(9Q) .

Proof. Define the weighted Sobolev space W(]l’2(w2,Q) as the completion of C2°(92)
under the weighted norm [, w?(|du|? + |u[?). This norm is equivalent to [, |d(wu)|* by
Theorem B.1 and Poincaré inequality:

/\dw\2]u\2 S/w2\dul2 and /wz\ulz < CQ/ |d(wu)|? SCQ/w2|du\2.
Q Q Q Q Q

We can guarantee the existence of a minimizer of [, w?|B — *dh|* by the direct method
of the calculus of variations. The Euler Lagrange equations for minimizers tell us that:

d(w*(B — xdh)) = 0 = there exists f € Wol’Q(w_Q, Q) such that w?(B — «dh) = df .
We also write the standard Hodge decomposition of B
B =xd¢+di.
Then observe that:
*xdp + dip = xdh +w2df = Ay(h — ¢) = QZL; Adf .
Then we can estimate

4
w 2 -2 7712
| = oF <4 [ w

Now we apply Theorem B.1 directly to see

2e 4
24-2¢ d(h — 2 < (Supﬂ w) / w A (h — 2
et ian— o) < B [ iah - o),

and we finally estimate

[ - 0P < CPLIE [ oz
Q Q

e2

Where C' < % and is comparable to % as € — 0. This also proves (ii). U
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