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ABSTRACT. We prove that, on closed three-manifolds, the limit interface of a se-
quence of stable abelian Higgs critical points with uniformly bounded energy is a
finite union of smooth closed immersed geodesics, possibly with multiplicity and
self-intersections. This follows from an integral estimate for the diffuse curvature,

derived from an integral bound on the discrepancy.

AT usage statement. Inspired by the recent work of the first author on the clas-
sification of entire stable solutions, we felt it should be possible to classify limits
of stable solutions in closed manifolds using geometric measure theory, without de-
veloping a strong regularity theory. We prompted the LLM Astra-6 to explore the
possibilities in that direction. The LLM produced a first proof with little help from
us. We checked and rewrote it in order to highlight its novel mathematical ideas and

improve the clarity of the presentation.

1. INTRODUCTION

Diffuse approximations connect nonlinear elliptic equations with the geometry
of minimal submanifolds. In codimension one, this connection goes back to the
work of Modica and Mortola [11] on the Allen-Cahn equation. In codimension two,
the abelian Higgs model plays an analogous role. Let (M, g) be a smooth oriented
Riemannian manifold, let Q2 C M be open, and let L — 2 be a Hermitian line
bundle. We consider the self-dual Yang-Mills-Higgs energy

1
E.(u,V;Q) = i/ea(u,V) dvolg,
@ (1.1)

1
ea(u7 V) = |VU|2 + €2|FV|2 + 4_52(1 - |U|2)2,
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where u is a section and V is a smooth unitary connection with real curvature

Fy = iV?2. A stable critical point in € is defined as a pair (u, V) satisfying
§E.(u,V) =0, 6E.(u,V)>0,

where both variations are tested against fields compactly supported in €2. The com-
pactness theorem of Pigati and Stern [16] shows that, under a uniform energy bound,
the energy measures of sequences of critical points with €, — 0 converge subsequen-
tially to the weight measure of a stationary integral varifold of codimension two, up
to a fixed normalisation. This result paved the way to many recent advances in the

existence of solutions, regularity and geometric evolution [3, 4, 14, 9, 8, 12].

Stability has proved especially effective in codimension-one regularity theory [18,
19, 22, 20, 21, 10, 7], but its geometric consequences in codimension two remain less
understood. Here we establish a regularity theorem for stable abelian Higgs fields in

dimension three.

Theorem A. Let Q) be an open subset of a smooth oriented Riemannian three-
manifold (M3, g). Consider sequences e — 0 and (uy, Vi) of smooth stable critical

points of (1.1) with € = ey, |uk| < 1 and

sup E, (ug, Vi; Q) < A.
k

Then, for every Q) € €,
(1) The discrepancies
1— |’U,k|2
=ep|Fy, | — ——
&k = ekl Fo,] 2

satisfy He,:lf’kHLl(Ql) — 0.
(2) Define vy = (xFy,)*/|Fy,| where Fy, # 0, and choose any measurable unit

extension to its zero set. For the stress-energy tensor defined in (2.8),

kh—>Holo IT., — e, 1) ® I/Z||L1(Q/) =0. (1.2)
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Moreover, the divergence-free vector field q., associated with the modified Ja-
cobian in (4.1) satisfies

lim sup/ V., vi| dvoly < CV/r (1.3)
B (x)

k—00

for every normal ball By, (x) C ' with 0 < 2r < ro. The integrand is extended
by zero where q., = 0. The constants depend on A, the fived interior domains
and their geometry.

(3) Every subsequential limit varifold supplied by [16] is locally a finite union of
smooth geodesic arcs without interior endpoints, counted with positive integer

multiplicities and possibly intersecting.

If QQ = M s closed, each such limit is a finite union of closed immersed geodesics,

counted with positive integer multiplicities.

Theorem A, which follows from Theorem 3.1, Propositions 4.1 and 4.2 and Theo-
rem 4.3 below, concerns the geometry of the limiting varifold at arbitrary multiplicity.
It does not require a multiplicity-one hypothesis or exclude intersections of distinct
geodesics. Its proof has two main parts.

The analytic starting point is the the first author’s work on entire stable abelian
Higgs fields [2]. In that setting, appropriate energy growth and expanding loga-
rithmic cutoffs make the errors in a stability comparison vanish, leading to exact
identities and classification. We use the same underlying test pairs with fixed com-
pactly supported cutoffs. The cutoff errors remain, and ambient curvature introduces
additional terms, so the comparison must be used quantitatively.

The discrepancy & compares the curvature and potential amplitudes. The lo-
calized stability calculation, together with the critical-point estimates of Pigati and
Stern [16], yields

||d£e||L2(Q’) -+ ||€_1£€||L2(Q’) < C, O e

Passing from this bound to vanishing requires a further argument. The scalar field
equation identifies the weak limit of %A, dvol, with the energy measure. The non-
negative sequence ¢ '¢- is bounded in L? and satisfies e71¢- < e72h,; any of its

weak L? limits must therefore be absolutely continuous and dominated by a measure
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concentrated on a one-dimensional set. It follows that e7'¢. — 0 in L{ , after in-
cluding the separate positive-part estimate. Quantitative control thus replaces exact
vanishing at fixed ¢, and vanishing is recovered in the singular limit.

In three dimensions, the curvature also determines a vector field and its unit

direction,

b = (xFy.)", Ve where Fy_ # 0.

— €

b |
Here the Hodge star and the metric identify two-forms with vectors. The same
stability calculation retains a second nonnegative term which, combined with the

discrepancy derivative bound and an identity for b., gives
/ e Fy_|*|V,.ve|? dvol, < C.
Q'N{|Fv.|>0}

This controls the bending of the magnetic direction with the curvature part of the
energy as weight. Further defect estimates follow by testing the discrepancy equation
against a cutoff times h.. These deductions use the discrepancy bounds already
obtained, so the analytic estimates share the same localized stability input.

To use these estimates in the limit, we use the modified Jacobian whose associated
vector field ¢. is divergence-free and supported in a fixed sublevel set {|u.|? < by},
with by < 1 (see [5, I11.25]). Although b. is already divergence-free, localization near
the vortex cores is needed to compare the curvature weight with the energy density.
A correction to the cutoff magnetic field preserves zero divergence. The bending and
defect estimates then give the local bound

lim sup/ V. ve| dvol, < C/r.
B (x)

e—0

In particular, the contribution of this derivative becomes small on small balls, uni-
formly after passage to the limit.

The use of Jacobians and their relation to the limiting geometry builds on ex-
isting work. Pigati-Stern compactness includes identification of the limiting stress
tensor with the tangent projection of V. Jacobians localized near vortex cores also
appear in their work on the nonmagnetic Ginzburg-Landau model [17]. Related

energy—Jacobian compatibility near multiplicity-one planar limits is developed by
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De Philippis, Halavati, and Pigati [8]. We verify the mass and direction compati-
bility needed for our choice of ¢.: |g.| dvol, — 27||[V]|, and the magnetic direction,
weighted by energy, converges to the unoriented tangent of V. These are unsigned
statements and are consistent with cancellation in an oriented current limit. The ad-
ditional control needed for the present argument is the quantitative turning estimate
and its use to exclude branching.

The final step converts this estimate into a condition on each vertex. The equation
div g. = 0 permits integration by parts with test functions depending on both posi-
tion and the direction v.. The mass and direction identification passes the position
derivative to V', while the turning estimate controls the term containing the direction
derivative. Testing near a vertex with a radial cutoff times an arbitrary smooth odd

function a of the direction gives, first letting ¢ — 0 and then shrinking the ball,

Z m;a(v;)

The radial cutoff contributes a fixed endpoint term on each arm, whereas the test

< Co/r, hence Z m;a(v;) = 0.

function’s derivative in the direction variable stays bounded as r | 0. Unlike station-
arity, which tests only linear functions of the direction, this identity holds for every

odd a. It therefore implies
Z mi5vi = Z mid,vi.

Each arm pairs with an opposite arm of equal total multiplicity. Uniqueness for the
geodesic equation joins these pairs into full smooth geodesics, proving the stated

regularity of the limit.

Remark 1.1. No better regularity than the one predicted by Theorem A can hold
for limits of stable critical points, as shown by the following example. Consider the
Riemannian manifold (T3, g) with the metric g = (1+sin? y+V (z))dz + (1 +sin® z +
V(z))dy + dz,

e/ sin?(1/2), z#0,

0, z=0.

V(z) =
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consider the disjoint curves 71 ;(s) = (5,0, a;) and y2(s) = (0, s, —a;), where a; =
(77)~!. Each pair is a strict local minimum of length, so the abelian Higgs I'-limit
[13] provides stable local minimizers concentrating on it as ¢ — 0. A diagonal choice

£ < a; yields a limiting pair of closed geodesics crossing transversely at the origin.

2. PRELIMINARIES AND THE STABILITY CALCULATION

We denote a typical section—real one-form pair by ® = (¢, ®), and reserve U =
(u, V) for the background solution. Throughout the remainder of the paper, dim M =
3 and |u| < 1. Angled brackets denote the real fibre inner product, given in a unitary
trivialisation by (a,b) = Re(ab). Locally we write VA = d — iA, where A is a real
one-form; then Fgy = dA. We also use V for the induced connections on tensor-
valued sections and real tensors. We use the convention that the Hodge Laplacian
has nonpositive spectrum A = —(dd* + d*d). If F is the skew-symmetric matrix

representing Fy in an orthonormal frame, then
1
Fol* =53 F5  IFIP =2k,
‘7]‘

where || - || denotes the Hilbert—Schmidt norm.
Set

h(u) = %(1 ), jeu = (Vu, ).

When no confusion is possible, we write h = h(u). The Euler-Lagrange equations of
(1.1) are
V*Vu = ¢ ?h(u)u, 2d* Fy = jyu.
By the assumption |u| < 1, we have 0 < h < % Define the real two-form
K(X,Y) = -2(Vxu,iVyu).

Direct differentiation and [16, (2.7)] give

d(jyu) = K — |u]*Fy, dlul* A jeu = |ul’K, K| < |Vul? (2.1)
The scalar and curvature equations take the form [16, (3.4), (2.6)]

(—2A + |u*)h = 2| Vul?, (—e2A + |u]*) Fy = K. (2.2)
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2.1. Discrepancy, interior estimates and compactness. Here we collect the
interior estimates and compactness results needed below, mainly from [16]. Fix Q C
M? and Q' € , and consider smooth critical points with |u| < 1 and E.(u, V;Q) <
A.

The key to the (n — 2)-monotonicity of the energy, and consequent compactness,

is the upper bound on the discrepancy
£ = ce|Fy| — e h(u). (2.3)

We write £& = max{+¢.,0} for its positive and negative parts. The required upper
bound was proved in |16, Proposition 4.2]. We record the following interior versions
of [16, Proposition 4.2, Theorem 4.3 and Proposition 5.1|, together with the curvature
derivative estimate. For sufficiently small e, there are constants C,ry > 0, depending

only on the domains, their geometry and A, such that on ¢

£ <C, (2.4)
|Vul? < Ce?h* 4 C¢e?, 2| Fy|* < Ce?h? + Ck, (2.5)
IVEy| < Ce™?, (2.6)
and
E.(u,V;B,(x)) < Cr (xeQ, 0<r<r). (2.7)

Justification of the interior estimates. All estimates are obtained on successive fixed
domains compactly contained in 2. The curvature equation and the two-form

Weitzenbock identity give
—AFyg = V*VFy + Ry Fy,

where R is the curvature endomorphism of two-forms. The discrepancy inequality

[16, (3.7)] and the positive-part chain rule imply
AEF > —CelFy).

The energy bounds both & and ¢|Fy| in L% Since 2 > 3/2, the interior elliptic
estimate for subsolutions gives (2.4). Together with h < 1/2, this yields |Fy| < Ce™2

on smaller domains.
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The inner-variation calculation in [16, Section 4] is local, and its discrepancy term
satisfies
2| Fy|? — e72h? = £.(e| Fy| + e71h) < Cel/?.
The monotonicity argument of [16, Theorem 4.3|, applied inside a fixed larger do-
main, therefore gives (2.7). The Bochner inequality [16, (5.4)] implies A|Vul*> >

—Ce?|Vul?. The interior mean-value estimate on B.(z) and (2.7) yield
\Vul?(z) < Ce™®E.(u, V; B.(z)) < Ce™2.

On rescaled e-balls, e2Fy and the source e2K are uniformly bounded. Interior W24
estimates for the curvature equation, with ¢ > 3, then give (2.6).

To localise the sharper bounds in (2.5), set v = |Vu| — 2¢7'h. The calculation in
[16, (5.5)—(5.6)] gives, on {v > 0} and for small ¢,

e’Av > (1+ 3h — Ce)v + 2ev” + 26 'h* — 2Ch > tv — Ce.

Thus (v—Ce), satisfies a screened subsolution inequality. Its coarse bound Ce™! and
comparison with exponential barriers on fixed normal balls give v < Ce on smaller
domains, proving the gradient bound in (2.5). Similarly, the calculation in [16, proof

of Proposition 5.1] shows that the positive part of
e|Fy| — (14 Ce)e th — Cv/e

satisfies a screened subsolution inequality at scale £3/4

. The same interior comparison,
as in |16, proof of Proposition 5.3], gives ¢|Fy| < (1 4+ Ce)e'h + C'/¢ on smaller

domains. Squaring proves the curvature bound in (2.5). g

We also record the localised version of the compactness statement in dimension
three.

Theorem 2.1 (Pigati-Stern). Let €, — 0 and let (uj, V;) be smooth critical points
in Q with lu;| <1 and B, (uj, V;; Q) < A After passing to a subsequence, there is

a stationary integral one-varifold V' in €0 such that

ee,; (uj, Vj) dvoly — p =2 ||V||



INTEGRAL CURVATURE ESTIMATES AND GEODESIC LIMITS 9

as locally finite measures. In particular, p is singular with respect to volume. If T is

either unit orientation of its tangent line, defined p-almost everywhere, then

T, dvol, — Q7 L, T. :=e.qg—25 —2°F'F, (2.8)
where S(X,Y) = (Vxu, Vyu).
Proof. This is the interior form of [16, Theorem 1.1 and Proposition 6.4], with the
normalisation (1.1). Once the preceding interior estimates are available, the clearing-
out, decay, compactness and integrality arguments in Sections 4-6 of that paper apply
on successively smaller domains. In the decay argument, the distance to the vortex

region is truncated by the distance to the boundary of a fixed larger interior domain.

Exhaustion and a diagonal subsequence give the stated local convergence. [

2.2. Scalar coercivity. The following coercivity estimate follows from the local
energy bound, which ensures that |u|?> > 1/2 on a fixed positive proportion of every

ball of radius Re, for a sufficiently large fixed R.

Lemma 2.2. For every Q' € Q, all sufficiently small & and every real z € H} (),
extended by zero to (),

/ 2% dvol, < C’/ (£%|dz]? + |ul*2?) dvol,,.
0 Q

Proof. On {|u]? < %} the potential energy density is bounded below by 1—165_2. For a
fixed R > 1, (2.7) therefore gives

voly (Bg:(z) N {Jul]* < 1/2}) < Ce*E.(u, V; Bp:(z)) <

C
On the other hand we have the volume lower bound voly(Bg.(z)) >
)N

cR3e3, for some
¢ > 0. Thus, we can pick R such that, denoting G := Bg.(z) N {|ul> > 3} and
B := Bgr.(z), we have
1
vol,(G) > Evolg(B) (2.9)

uniformly in € and x € ¢V,
Let zp be the average of z on B. The lower bound (2.9) implies that

voly(B)|zp|* < 2voly(G)|zp|* < 4/ 22 +4/ |z — 2|?
@ a
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Thus, by Poincaré’s inequality and the fact that 1 < 2|u/? on G,

/22dvolg:/ |z — zg|* + voly(B)|z|?
B B

§5/]z—23|2+4/\z\2
B @

§CR2€2/ ]dz]2+0/ u|?|2|?
B B

Since R is fixed and uniform in €, it can be absorbed in the constant. A covering

argument concludes the proof. O

2.3. Stability and covariant test pairs. Here we adapt the stability tests used
in [2| to the manifold setting, which leaves a geometrically controlled error.

Recall that the second variation of (1.1) is

Q.ul®] = [ (V6 ibuf — 2(Vu.itg) + *|daf
Q
+ e Hu, ¢)* — e *h(u)|¢]?) dvol,.
Stability of U means Q). y[®] > 0 for every smooth compactly supported pair ®. It
is natural to consider the gauge-corrected form
Q. u[®] = / (V6 + 2|dB? + 2|d° B + 4(i - Vu, §)
Q
+ 72 (|u® = h(w))[¢* + [uf*|@[*) dvoly,
which satisfies the exact identity
Q:ul®] = Q- u[®] + 62/ G.u[®]* dvol,,
(@] (@] i [®]" dvol, (2.10)
G.u[®] = d*® + & (iu, ¢).
We denote the bilinear form associated to (). u by B.u and the gauge-corrected
linearised operator by L.y, as in [2|. They are related by
/ L&U[(I)] - dVOlg = B&U[(I), ‘I’] + 82/ GE7U[‘I)]G€,U[‘IJ] dVOlg.
Q Q

All the formulas above extend to compactly supported H' pairs by density. For the
rest of the proof we omit ¢, U from @), Q, B, G and L.
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On a neighbourhood of the compact supports under consideration, choose a smooth
isometric embedding ¢ into R" and set X, = V.. The projected coordinate fields
satisfy

Y Xe@Xe=g", D X.®VyX,=0 (2.11)

for every vector field Y. The first identity expresses isometry. For the second, let
E, be the standard basis of RY and II the second fundamental form of «. For vector
fields Z, W,

(Xa, Z) =(du(Z),Ba), (Vv Xo, W) = VAY, W) = (II(Y, W), E,),

and hence
D (X0, Z)(Vy Xo, W) = (du(Z),TL(Y, W)) = 0.

a

Define the fixed symmetric tensor H € I'(Sym?T* M) by

Hij = (Ve Xa,€:)(Ve, Xas ;).

a,k

Lemma 2.3. For every compactly supported T € H*(;T*M @ T*M),

S [T s )P + 10 (T (o)) ol = [ (9T dvol

+AZH(T(.,ei)ﬂ,T(-,ei)ﬁ) dvol, (2.12)

i

+ /Q > Ric (T(e;, )%, T(es, -)F) dvol,,

7

where {e;} is any local orthonormal frame.

Proof. For smooth compactly supported T, set t, = T'(X,, -). The one-form Weitzen-
bock identity [15, Theorem 9.4.1], integrated over €2, gives

/Q (|dta|? + |d*ta|?) dvol, = /Q (IVta]? + Ric(t, 1)) dvol,.
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Expand Vt, = (VT)(X,, ) + T(VX,,-) and sum in a. The mixed term vanishes by
(2.11), so

Z |Vta|2 = |VT|2 + Z H(T(a ei)ﬁ’ T(a ei)ﬁ)a
ZRic(ti, th) = Z Ric (T(es, )", T(es, -)?).

Approximation gives the identity for H! tensors. O

Now, set

b
bm R, vim  on (el 20} BV

In dimension three,
B=|Fy|(g—v ®v), FF'=F'F=pB IVF|> = [VB|?. (2.13)

We identify B with the symmetric bilinear form obtained by lowering an index with
g, and write B*(X,Y) = (B(X,-), B(Y,)). We extend B by zero on {|Fy| = 0}. The
map b [b|I —b® %, with this extension, is Lipschitz, so B € HL_(£2; Sym* T*M).
We write T for the conjugate transpose in an orthonormal frame. As in [2], consider
the pairs
V., = (Vx,u,tx,Fv), W, = (iVx,u,—B(X,,")).

Proposition 2.4. For every real ¢ € C2°(92),
> QW] +4 / C(Vu)| (B +iF)(Vu) dvoly, = Y~ Q[(V,). (2.14)
a Q a

Moreover, the Hermitian endomorphism B + 1 F' is positive semidefinite, thus if the

critical point is stable in €1, then
0<) QW] < 0/(42 + |d¢?)ex(u, V) dvol,,. (2.15)
- Q

Proof. Apply the calculations of |2, Section 3.1, equations (3.5)—(3.8)] and Lemma 2.3
to the compactly supported covariant tensors ( Fy and (B. By (2.13), they have the

same norms, derivative norms and geometric contributions. The difference of the
mixed terms is —4¢*(Vu)'(B +iF)(Vu), proving (2.14).
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To estimate the right-hand side, use the Bochner calculations for Vu and Fy in [16,
Section 3, equation (3.1) and the calculation following (3.4)]. The terms involving

(Fy, K) cancel. The scalar Laplacian term is
%/QCQA(WUF + 26%| Fg|?) dvoly,
which cancels the mixed cutoff term after integration by parts. Consequently,
> QeV] = /9(2(<H — Ric, S) + e*(H + Ric, B?)
— 2e*(RoFy, Fy)) dvol,
+/de<|2(|vu|2+252|Fv|2) dvol,,

Finally, B + iF = [iF| 4+ ¢F is positive semidefinite. Stability for the compactly
supported pairs (W, and boundedness of the fixed geometric tensors give (2.15). O

3. THE DISCREPANCY BOUND

Recall Pigati-Stern’s discrepancy & from (2.3). In the notation of |2, Section 3.1],
2
—el. = h(u) — gtrB = h(u) — &*|Fy|.

The pointwise estimate (2.4) from [16] controls the positive part . Here we show
that in dimension three stability controls the negative part £, including its deriva-

tive, in an integral way.

Theorem 3.1 (Interior discrepancy estimate). For every smooth critical point in §)
with |u] <1 and E.(u,V;Q) <A, every Q' € Q, and all sufficiently small ¢,

le™ X 2y + 1dEX | 2y < Ce (3.1)
If the critical point is stable with respect to compactly supported variations in 2, then
e r2gar) + ldéel 20y < C. (3.2)

Moreover, for a sequence of stable critical points whose energy measures converge

locally to 1 as in Theorem 2.1,

le "¢ pr ey — 0, (3.3)
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and, as locally finite measures in 2,
e 2hdvol, — u, |Fy| dvol, — p. (3.4)

Proof. First, we show that every critical point satisfies (3.1), which is just a conse-
quence of the discrepancy bound by [16]. Indeed, by [16, Equation (3.7)], we have

(—€®A + u?)é. < CE°|Fyl.

For n € C°(9), testing against n*¢ gives
[ (A€ + aPaP(€)?) dvol, < € [ P ol dvol
+ 52/ |dn|*(£5)? dvol,.
Q

Lemma 2.2, the energy bound and Young’s inequality yield
62 I+ <2 dne? B < C* o+ Ce2 [ Janf(e? ) dvol,
Q

Initially, the energy bound gives || ||%2(Q) < C. Apply the preceding inequality with
two nested cutoffs, the inner one equal to one on €’ and supported where the outer
one is one. The first application gives an interior squared L? bound Ce? for £, and
the second gives Ce?, together with ||d&t |3, 20y < Ce?. This proves (3.1).

Next, we assume that the critical points (u, V) are stable. The proof of (3.2) can
be understood as a quantitative version of the estimates in [2].

For every real ¢ € H'(2) with compact support, set ¥, = (0,9X”). Then, using
the polarisation of (2.12), we find

Z / W, dvol, = — ¢ /Q (d(tr B), dy) dvol,
+/¢(2yvu|2— |u|? tr B) dvol,
Q

—¢? / Y(H + Ric, B) dvol,.
Q
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Testing the scalar equation in (2.2) against 2¢) and using that 2h — 2 tr B = —2¢&_,
we get

Z / W, dvol, = — 2 / ((d&., d) + e |uf?&p) dvol,

(3.5)
—e? / Y(H + Ric, B) dvol,,.
Q

Moreover, by applying Lemma 2.3 to T' = 1/g, we get

Z Q[T / (3e?|dyp|* + 3|ul*yp* 4 €*(tr H + Scal)y?) dvol,,. (3.6)

Choose 0 < 7n,¢ < 1in C*(R2), with n = 1 on €’ and ¢ = 1 on a neighbourhood
of suppn. Set ¢ = —e1n?£.. The pairing of (W, with ¥, equals that of W, with
W, since d¢ = 0 near its support. By (2.15), Cauchy—Schwarz for Q, (3.6) and

Lemma 2.2,
1/2 1/2
(Z Q[CWJ) (Z Q[‘h])

< C(ldmé) e + lle fulng|2)-

The geometric term in (3.5) is bounded by

- W, dvol,

Ce / 72| Pol|E.| dvol, < Cellene. |2
Q

< Ce(lldmé)llzz + lle™ ulnéellz2).
The energy bound gives [, |dn|?|{.|* dvol, < C. Using
(dge, d(n*€.)) = |d(n€)|* — |dnl* (€)%,

equation (3.5) therefore yields

ld(mé)Z2 + lle™ ulnge Nz < C(ldm) ez + lle™ [ulnéelz2) + C-

Both norms are bounded. Lemma 2.2 supplies the unweighted L? bound for e 1né.,
and n =1 on ' proves (3.2).
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Lastly, we prove (3.3) and (3.4). Equation (2.2) gives, for every 0 < y € C°(Q),

/ xe *hdvol, = / X (|Vul? 4 2e72h?) dvol, +/ hAx dvol, < C,.
0 0 0

Since h > 0, the measures e 2hdvol, have locally bounded mass. In particular,

h — 0in L{ , so Ah — 0 distributionally. The same equation also gives

loc»
e —& *h=—Ah+e 16 (h+ % Fy).

By (3.2), e7'¢ is bounded in L}, while ||h4&2|Fg ||| 12(q) < Ce by the energy bound,

loc»
1

loc*

The negative part e 1£7 is locally bounded in L? and satisfies 0 < e~ < e72h.

hence the last term tends to zero in Li... Hence e "2k dvol, — p locally.

Every weak L? limit on an interior open set therefore defines an absolutely continuous
nonnegative measure dominated by p. Since p is singular with respect to volume,
the L? limit is zero. Testing weak L? convergence against the indicator of €)' gives
le ' || L1y — 0. The rescaled positive part e '&1 tends to zero in L*(Q') by (3.1),
proving (3.3). Finally, |Fy| = e 2h + e '& gives (3.4). O

4. GEOMETRIC CONSEQUENCES

Fix a sequence of smooth critical points with ¢ — 0, |u| < 1 and uniformly bounded
energy, stable under compactly supported variations in ). Pass to a subsequence
defining 1 = 27||V|| as in Theorem 2.1. For the estimates below, we introduce a
modified Jacobian, as in |6, (II1.23)] and [17, Section 2.

Fix by € (0,1) and a smooth nondecreasing function ¢: [0,00) — [0,1] which is
zero near zero and equals one on [by, 00). Define y(a) = t(a)/a, extended smoothly

by zero near a = 0, and set
Ja = FV + d(X(‘“F)]VU)? Qe = (*‘]E)ﬂ'

By (2.1),
T = (1= t([u]2) Fo + '(Ju]}) K. (4.1)

Consequently,

dJ. =0, divg. =0, spt g C {|ul* < bo}.
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On this core, h > ¢y == (1 —by)/2 > 0. We first state the integral curvature estimate
for q..

Proposition 4.1 (Integral curvature estimates). Fiz Q' € Q. For all sufficiently
small €, v is smooth near sptq. N Q. For every normal ball By.(x) C € with
0<2r <rg,

/ 1V, v| dvol, < CE.(u, V; Bon(#))/2(1 + 2 /1) + C2E.(u, V: Byn(x)).  (4.2)
By (x)
The integrand s extended by zero where q. = 0. In particular,

lim sup/ |V,.v|dvol, < C/r, (4.3)
By (x)

e—0

with constant depending on €V, A.

The preceding proposition controls the turning of v = (xFy)*/|Fy| along ¢.. To
relate this estimate to the limit varifold, we show that v recovers its tangent directions
and that ¢. carries its full unsigned mass. This follows from Theorem 3.1 and the

first-order identities used in [2].

Proposition 4.2. For any measurable unit extension of v to {Fy = 0} and every
Q e,
|T. — e’ @ VbHLl(QI) — 0,

where T, is the stress-energy tensor. Decompose
q- = a.v + R, R. 1 v (4.4)
Then |q:| < Ce., and, locally as Radon measures in €2,
(a)4 dvol, — p, |g:| dvol, — p.

Moreover, for every Q' € €,

// ((ae)— + |Re]) dvol, — 0.

The preceding two propositions imply the main result.

Theorem 4.3. For the sequence and hypotheses fixed at the start of this section,

the limit varifold V' is locally a finite union of smooth geodesic arcs without interior
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endpoints, counted with positive integer multiplicities and possibly intersecting. If
Q = M is closed, V is a finite union of closed immersed geodesics, counted with

positive integer multiplicities.

Proof. Pigati-Stern compactness and [1, Section 3| give a locally finite geodesic net-
work in €2. We show that its outgoing directions pair antipodally at every interior
vertex. Consider 7 from (2.8). Now let S be the unit tangent bundle over 2, and
let E(z,v) € TXM be continuous on SS2, compactly supported in the base variable,
and odd in v. Then we claim:

lim E(ZE,I/)(qg)dVOIQ:/E($,T)(T) djs.

e—0 Q Q

On the bundle P(T'Q2) of unoriented unit directions, consider
ec(x) dvoly () Opy(a))-

These measures have uniformly bounded mass over compact subsets of the base. A
subsequential local weak limit has base measure p. Disintegrate it as p(dz)o,(d[v]),
where o, is a probability measure for py-almost every x. By (2.8) and Proposition 4.2,

for p-almost every x we have

/vb @ doy([v]) =7 & 7, / (1= (v,7)?) do([v]) = 0.

Thus 0, = dj7(2)), identifying every subsequential limit.

Since 0 < (a.); < Ce., any local weak limit of (a.(x))4 dvoly() 6y is dom-
inated by C' times the preceding limit. Its base measure is p by Proposition 4.2,
so it equals pi(dx)d[-(,). Finally, oddness makes Z(z,v)(v) a continuous function on
P(T€), and

/ =(x, v)(q.) dvol, — / () E(2, ) (1) dvol, —» 0
Q Q
by the vanishing negative and transverse parts on the compact base support of =.
Apply the convergence just proved to the second integral.
For ¢ € C(SQ), let df ¢ and d, ¢ denote its horizontal and vertical derivatives.

Where v is smooth, the chain rule gives

d<90<x7 V(x)))(qa) = dfgo(x, V)(Qs) + dv@(‘r7 l/)(vqu).
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For sufficiently small €, v is smooth near the intersection of spt ¢. with the compact
base support of ¢. Multiply ¢(z,v(z)) by a smooth cutoff supported where v is
smooth and equal to one near this intersection, then extend by zero. The derivative

of the cutoff has zero pairing with g. wherever ¢ can be nonzero. Since divg. = 0,

/dfgp(w,y)(qe)dvolg = —/dvgo(x,l/)(vqgu) dvol,. (4.5)
Q Q

We claim that, at every vertex xy € €2 of the limiting network, the outgoing

directions v; and positive integer multiplicities m; satisfy

Choose r > 0 small enough that B,(zo) C € and the network in this normal ball
consists exactly of the finitely many incident geodesic arms. Given a smooth odd
function a: S,,M — R, choose a smooth cutoff { equal to one near zero and zero

near [1,00), and set
or(x,v) = ((dist(z, x9) /1) a(Pr_szov),

where P,_,,, is radial parallel transport. Extend by zero outside the ball. Then
o € CX(SQ) is odd in v, and ||d, ¢, |l < C, independently of r.
For fixed r, apply the preceding calculations to = = d¢,. By (4.5) and (4.3),

/Q @, (2, 7)(7) dps| < CuF. (4.7)

The integrand is independent of the sign of 7. On the ith outward arm ~;(t) =

exp,, (tv;), radial parallel transport makes 4; constant, so

dy o (7i(t), (1)) (i) = r= ¢ (¢ /) alv:).

Its integral over the arm is —a(v;). Since p = 27||V||, (4.7) gives

Zmia(vi)

Let r | 0. For any smooth b, choose a(v) = b(v) — b(—v) to obtain (4.6). Pairing

opposite arms with matching multiplicities and uniqueness for the geodesic equation

2w < Co/T.

give smooth continuation through every vertex, with no interior endpoints. When
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2 = M is closed, local finiteness and compactness give a finite network. Resolving
its vertices by these pairings decomposes the network, with multiplicity, into finitely

many closed immersed geodesics. This proves the theorem. U

4.1. The integral curvature estimates. We now prove Propositions 4.1 and 4.2
for the sequence fixed above.

Recall that v = (xFy)*/|Fy| on {|Fy| > 0}. One of the main tools in the analysis
is the following defect:

8. = |Vul? = (+K)(v) + 2| Fo| Vo2
on this set, and extend it by |Vu|?> where Fy = 0. In an oriented orthonormal frame
with es = v, completing the square gives
|Vul|? — (+K)(v) = |Veu|* + |Ve,u 4+ iVe,ul> > 0. (4.8)
In particular, S; > 0. It vanishes in a neighbourhood if the Bogomolny equations

hold in the curvature direction v and v is parallel. For critical points, the defect

appears in the equation for the discrepancy: on {|Fy| > 0},

(A — e Hu?)é = 1S, + €| Fy| Ric(v, v). (4.9)
Using the bounds already obtained for the discrepancy for stable critical pairs and

(4.9), we prove the following proposition which will be the key estimate in proving

the localised integral curvature estimates of Proposition 4.1.

Proposition 4.4 (Defect estimates). Let (u, V) be a smooth critical point in €2,
stable under compactly supported variations, with |u| < 1 and E.(u,V;Q) < A. For
every ' € Q and all sufficiently small ¢,

g? / nhS. dvol, < CE.(u, V;Q)*(1 + ¢||dn| =) + CeE.(u, V; ),  (4.10)
Q

for 0 < n <1 smooth with compact support in an open set o C . The constant
depends on the fixed interior domains, their geometry and A, but not on €y, n or

e. Since h > co on {|u|? < by}, the same right-hand side, with a different constant,

et / nS. dvoly.
QN{ful2<bo}

bounds
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Moreover,

/ e Fy)? |V, v|* dvol, < C. (4.11)
v'n{|Fy[>0}
Along the sequence defining p, we also have
/ S. dvol, — 0, (4.12)
and, for any measurable unit extension of v to {Fy = 0},
/ (IVul> = (xK)(v)) dvol, — 0. (4.13)

Before proving this proposition, we show how its estimates imply Propositions 4.1
and 4.2. First we identify the limiting mass of the modified Jacobian and its associ-

ated vector field ¢., and then the limit of the stress-energy tensor.
Proof of Proposition 4.2. First note that:

e = (1= t(|u]*))| Fo| + t'(Ju*) (+K) (v),

R. =1t ([u]’) (+K)F — (+K)(v)v).

Where the coefficients in (4.1) are nonzero, h > ¢y and 2h|Fy| < e.. Together with
|K| < |Vul?, this proves that |¢.| < Ce.. Since 1 —¢ > 0 and ¢’ > 0,

(4.14)

(a:)- < O(|Vul]® = (xK)(v)) < CS..

The integral of the right-hand side over every interior domain tends to zero by (4.12).
In an oriented orthonormal frame with e; = v, the components of (*K)* perpendic-

ular to v contain V., u. Hence
R.| < C|Vul|V,ul < CIVu|(|Vul® — (+K)(v)) ">, (4.15)

Integrating on Q" and applying (4.13), the local energy bound and Cauchy—Schwarz,

we obtain

// ((ae)— + |Rc]) dvol, — 0.
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Since t(a) = ax(a), the scalar equation and the chain rule give

|ul?
%A </1 x(a) d“) = t'(Jul)|Vul® — 72t (|u*)h

1
+ X ([ul) (ld[ul** = 2Jul*[Vul?).

Substitution in (4.14) gives

|u|?
a. = e 2h + %A (/1 x(a) da) + (1 —t(Jul*))e "¢
() (Vuf? — (+K)(v) (4.16)
— ) (P — 20| Vul?).

2
The last term is controlled by the first-order defect:

ld|ul[> = 2|ul?|Vul?| < Clu*[Vu| (|Vu]? = (+K) @),

Indeed, in a local unitary trivialisation and an oriented orthonormal frame with

€3 = U,

3
= 2 =2 (3 (A ).
i=1
3
D (VAu) = (VAu+iVAiu)(Viu — iViu) + (Vi)
i=1
The first-order defect is given by (4.8). Since ax’(a) is bounded, (3.3), (4.13) and
the energy bound show that the last three terms in (4.16) tend to zero in Li .(Q).
2
(©) and x is bounded, so fl‘u‘ x(a)da — 0 in LL _(9).

Moreover, |u[*> — 1 in L] b
Its Laplacian tends to zero against compactly supported smooth tests. By (3.4),

loc

a. dvol, — p distributionally. The local total variation bound |g:.| < Ce. and the
vanishing negative part give convergence of the positive parts as Radon measures.
Finally,

|lg=| — (o) +| < [R] + (2)-,

which proves the second convergence.
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Let P =g —1” ® 1”. The planar algebra gives
128 — [Vul*P| < C|Vul|(|Vul? — (+K)())"*.
To see this, work in a local unitary trivialisation and an oriented orthonormal frame
with e3 = v. Project (VAu, V2w, Viu) onto the complex line {(z,1z,0) : z € C}.
The squared distance to this line is bounded by the defect in (4.8), and on the line
25 = |VAu|?P. The change in the quadratic tensor is bounded by C|V4u| times
that distance.
Since F''F = |Fy|*P, the definition of 7. gives

T.—e @1 = |Vul?P — 28 + (5_2h2 - 52|FV|2)P-
Consequently,

1/2

7. — e’ @ V| < O|Vul(|Vul* — (xK)(v)) '~ + Ce & | (b + £%| Fy|).

The first term tends to zero in L*()') by (4.13) and the energy bound. For the second
term, (3.2) and Cauchy—Schwarz give an L' (€') bound Cé¢, since ||h+¢&?|Fy|| 12 < Ce.

The same algebra applies on the zero set with the chosen extension of v. ]
Proof of Proposition 4.1. By (4.4),
Veov=0aV,v+ Vg

On the core, €?|Fy| > ¢ > 0 and e. < Ce 2. Since |a.| < |g| < Ce., we have
e2a?/|Fy|? < Ce.. Thus (4.11) and Cauchy-Schwarz give

1/2
/ |a.V,v|dvol, < (/ 52]FV|Q|V,,1/\2dvolg>
By (z) Q'n{|Fy[>0}

2 1/2
: (/ 2 % 5 dvolg) < CE.(u,V; B, (z))"/.
B (x) |FV|

(4.17)

The ratios are extended by zero off the core.

For the transverse contribution, (4.15) gives on the core
|Vr.v| < C|Vul||V,ul|[Vy|
< Ce M (|Voul® + €| Fy||[Vy]?) < Ce'hS..
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Here h > ¢g on the core. Choose a cutoff equal to one on B,(x), supported in By, (),
with |dn| < C/r, and apply (4.10). Combining it with (4.17) proves (4.2). The local
energy growth bound and the limit ¢ — 0 at fixed r give (4.3). O

The only task left is to prove the main estimate.

Proof of Proposition /.4. First we show that in every ) € Q,
€| ooy < Ce™5. (4.18)

In particular, for each fixed ¢ > 0 and all sufficiently small ¢,
el Fy| >¢/2 on U N{h>c}. (4.19)

The smallness of ¢||¢. ||z~ obtained here uses dimension three. Indeed, assuming
analogous L? and Lipschitz bounds in dimension n, the interpolation argument below
would give

elléc e < CeB/(n42),
which yields smallness for n < 4.

Choose Q' € Q" € Q. Equations (2.5) and (2.6) give Lip(§.) < Ce™2 on Q”, and
1€l < Ce™t If [|& || zoo(ary > 0, a ball centred in €, of radius comparable to
e2||& ]| Lo (e, lies in Q" and satisfies €] > ||&]| 1o (e)/2. Consequently,

&l ey < | €2 dvoly < Ce?.
Q//
This proves (4.18); (4.19) follows from £2|Fy| = h + €& and e||&.|| L=y — 0. Next
we prove (4.11). Choose ¢ € C°(2) equal to one on a neighbourhood of €. For the
symmetric bilinear form B, set
(div B)(Y) = S (V.. B)(en V),

The gauge expression for W, is

G[W,] = (div B — e 2dh)(X,) + Y Ble;, Ve, Xo).
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By (2.11), the mixed terms vanish after summing the squares in a, so >, G[W,]* >
|div B — e2dh|*>. Moreover,

G[CW.] = (G[W,] + B(X,, V().

Apply stability and (2.10) to the compactly supported pairs (W,, and use (2.15).
Since €%|B|* < Ce,, the cutoff term is bounded by the energy on spt (. It follows
that

/ % div B — e 2dh|? dvol, < C.

Since dFy = 0, the vector field |Fy|v is divergence-free. On {|Fy| > 0},
div B = d|Fy| — |Fo|(Vor)',  divB — e 2dh = —|Fo|(V,v) + e 'de..

Now use the interior bound for d¢. from Theorem 3.1 and conclude with (4.11). It
remains to prove (4.10), using (4.9). Indeed for every nonnegative ¢ € C'°(€2),

/ ¢S dvol, < —¢ / ((d&., dp) + £~ |u|*¢9) dvol, + Ce® / ¢|Fy|dvol,,  (4.20)
Q Q Q

where C' bounds the curvature on spt ¢. To justify this inequality across {Fy = 0},

write b = (*Fy)* and regularise its norm by

f6 =V ’b‘Z + 627 68,5 = €f6 - €_lhf-

The curvature equation and the one-form Weitzenbock formula give the regularised

defect
((+K)*,b)

fs
The inequality follows from |K| < |Vu|? and |dfs| < |Vb|. The regularised version of
(4.20) has an additional error bounded by 6 [, ¢ dvoly. As § — 0, &5 — & in H

loc

2
S5 = |Vul? — n ;—(|Vb|2 — |dfs]?) > 0.
1)

for fixed e. Off the zero set, S. ;5 — S, while on the zero set its lower limit is at least

|Vul?. Fatou’s lemma therefore proves (4.20).
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Choose a fixed nonnegative ¢ € C>°(Q) equal to one near (. Integration by parts

gives
/ S. dvol, < ¢ / £ Apdvol, —e™! / lul*¢.¢ dvol,
Q Q Q
+ 052/ ¢| Fy| dvol, — 0.
Q

Here (3.3) controls the first two terms and (3.4) controls the last. This proves (4.12).
The first-order defect is bounded by S off the zero set and by 2S. on it, proving
(4.13) for every measurable unit extension of v.

Finally, since h > 0, test (4.20) with nh, use the scalar equation and integrate by
parts:

/ nhS, dvol, < — 8/ n&|Vul? dvol, + ¢ / (€. dh — h d&., dn) dvol,
0 Q Q

+C€2/nh\Fv\dvolg.
Q

By the pointwise and discrepancy estimates,

3

/ né|Vul* dvol,
Q

1/2
< Hf_lfaHm(Q/) (/Q et Vul* dvolg) < CeE.(u, V; Q)2
0

Also ||h|| 1200 < CeBo(u, V; Q)2 |dh| < |Vul, ||dé 2@y < C and ||& |12 <
Ce. The cutoff term is bounded by Ce?||dn|| = E-(u, V; Q)2 Finally, 2h|Fy| < e.,
so the curvature term is at most Ce?E.(u, V; ). Divide by € to obtain (4.10). O

Acknowledgments. MB was supported by the European Research Council under
Grant Agreement No. 101165368 (MAGNETIC). AH was supported by the European
Research Council under Grant Agreement No. 101076411 (ANGEVA). Views and
opinions expressed are however those of the authors only and do not necessarily
reflect those of the European Union or the European Research Council. Neither the

European Union nor the granting authority can be held responsible for them.

REFERENCES

[1] W. K. ALLARD AND F. J. ALMGREN, JR., The structure of stationary one dimensional
varifolds with positive density, Invent. Math., 34 (1976), pp. 83-97.



2]
3]
4]
[5]
[6]

7]

g
9]
[10]
11
12]

[13]

INTEGRAL CURVATURE ESTIMATES AND GEODESIC LIMITS 27

M. BADRAN, Stable solutions in the abelian Higgs model. arXiv preprint arXiv:2609.11647,
2026.

M. BADRAN AND M. DEL PINO, Entire solutions to 4 dimensional Ginzburg-Landau equations
and codimension 2 minimal submanifolds, Adv. Math., 435 (2023), pp. Paper No. 109365, 73.
——, Solutions of the Ginzburg-Landau equations concentrating on codimension-2 minimal
submanifolds, J. Lond. Math. Soc. (2), 109 (2024), pp. Paper No. €12851, 31.

F. BETHUEL, H. BrREZIS, AND F. HELEIN, Asymptotics for the minimization of a Ginzburg-
Landau functional, Calc. Var. Partial Differential Equations, 1 (1993), pp. 123-148.

F. BETHUEL, H. BREZIS, AND G. ORLANDI, Asymptotics for the Ginzburg-Landau equation
in arbitrary dimensions, J. Funct. Anal., 186 (2001), pp. 432-520.

O. CHODOSH AND C. MANTOULIDIS, Minimal surfaces and the Allen-Cahn equation on 3-
manifolds: index, multiplicity, and curvature estimates, Ann. of Math. (2), 191 (2020), pp. 213—
328.

G. DE PHILIPPIS, A. HALAVATI, AND A. PIGATI, Decay of excess for the abelian Higgs model,
J. Eur. Math. Soc. (JEMS), (2026). Published online first, 9 September 2026.

G. DE PHILIPPIS AND A. PIGATI, Non-degenerate minimal submanifolds as energy concentra-
tion sets: a variational approach, Comm. Pure Appl. Math., 77 (2024), pp. 3581-3627.

C. MaNToULIDIS, Allen-Cahn min-mazx on surfaces, J. Differential Geom., 117 (2021), pp. 93—
135.

L. MobpicA AND S. MORTOLA, Un esempio di I'™-convergenza, Boll. Un. Mat. Ital. B (5), 14
(1977), pp. 285-299.

H. T. NGUYEN AND S. WANG, Allard regularity for abelian Yang—Mills—Higgs equation. arXiv
preprint arXiv:2604.19542, 2026.

D. PARISE, A. PIGATI, AND D. STERN, Convergence of the self-dual U(1)-Yang-Mills-Higgs
energies to the (n — 2)-area functional, Comm. Pure Appl. Math., 77 (2024), pp. 670-730.

[14] ——, The parabolic U(1)-Higgs equations and codimension-two mean curvature flows, Geom.

[15]

[16]

Funct. Anal., 34 (2024), pp. 1171-1225.

P. PETERSEN, Riemannian geometry, vol. 171 of Graduate Texts in Mathematics, Springer,
Cham, third ed., 2016.

A. P1GATI AND D. STERN, Minimal submanifolds from the abelian Higgs model, Invent. Math.,
223 (2021), pp. 1027-1095.

[17] ——, Quantization and non-quantization of energy for higher-dimensional Ginzburg-Landau

[18]

[19]

vortices, Ars Inven. Anal., (2023), pp. Paper No. 3, 55.

Y. TONEGAWA, On stable critical points for a singular perturbation problem, Comm. Anal.
Geom., 13 (2005), pp. 439-459.

Y. TONEGAWA AND N. WICKRAMASEKERA, Stable phase interfaces in the van der Waals—
Cahn—Hilliard theory, J. Reine Angew. Math., 668 (2012), pp. 191-210.



INTEGRAL CURVATURE ESTIMATES AND GEODESIC LIMITS 28

[20] K. WANG AND J. WEIL, Finite Morse index implies finite ends, Comm. Pure Appl. Math., 72
(2019), pp. 1044-1119.

[21] ——, Second order estimate on transition layers, Adv. Math., 358 (2019), pp. 106856, 85.

[22] N. WICKRAMASEKERA, A general reqularity theory for stable codimension 1 integral varifolds,
Ann. of Math. (2), 179 (2014), pp. 843-1007.

DEPARTMENT OF DECISION SCIENCES AND BIDSA, BoccoNI UNIVERSITY, MILANO, ITALY

FEmail address: marco.badran@unibocconi.it

DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE LONDON,
HuxLEY BUILDING, 180 QUEEN’S GATE, LONDON SW7 2AZ, UNITED KINGDOM

Email address: guaraco@imperial.ac.uk

DEPARTMENT OF DECISION SCIENCES AND BIDSA, BocCoONI UNIVERSITY, MILANO, ITALY

Email address: aria.halavati@unibocconi.it



	AI usage statement.
	1. Introduction
	2. Preliminaries and the stability calculation
	2.1. Discrepancy, interior estimates and compactness
	2.2. Scalar coercivity
	2.3. Stability and covariant test pairs

	3. The discrepancy bound
	4. Geometric consequences
	4.1. The integral curvature estimates
	Acknowledgments

	References

