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Abstract

We study the magnetic Ginzburg-Landau energy in the critical coupling, also known as the
abelian-Higgs model. It is known that entire solutions of the abelian-Higgs model blow down
to (generalized) minimal submanifolds. We show that, in the so-called multiplicity one regime,
critical points inherit an improvement of flatness and a rigidity property from their blow-down
limit.

This thesis consists of three parts. In the first two parts we develop the necessary toolbox for
part three.

First (in [44]), we develop a new class of weighted inequalities on any two-manifold (with
boundary). Second (in [45]), using these inequalities and a selection principle (inspired by the
quantitative isoperimetric inequality) we prove a sharp quantitative stability for the abelian-
Higgs model in two dimensions.

Third, (in a collaboration with Guido De Philippis and Alessandro Pigati in [28]) we leverage
these tool to develop a large scale regularity theory for the zero set of solutions (in the spirit of
Allard’s). In fact, in the multiplicity one regime we show the uniqueness of blowdowns. Then we

classify solutions in dimensions n < 5 and local minimizers in all dimensions n > 2.
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Introduction & results



Chapter 1

Background

The area functional is perhaps one of the oldest functionals studied in mathematics. A funda-
mental problem in this context is Plateau’s problem, which concerns the study of k-dimensional
(generalized) manifolds with locally minimal k-dimensional area. Despite its seemingly simple
formulation, the nonlinear nature of the k-area functional makes this problem highly challenging.

Like many other variational problem, this problem is split into two parts: Existence and Reg-
ularity. First we generalize and enlarge the space of k dimensional smooth manifolds enough
so that we can find a solution through direct methods in calculus of variation. Then one starts
working with a weak solution to deduce regularity properties and verify that the solution lives
in a subset with richer/more regular structure than the abstract generalization.

Rather than attempting a comprehensive survey of the vast body of work on minimal surfaces,
this chapter focuses on a specific methodology: obtaining minimal surfaces via diffuse approxi-
mations.

These models typically arise from physical phenomena describing phase transitions with a
small diffusivity parameter ¢ — 0. In such models, we study the transition layer of a critical
point of a variational energy functional. This transition layer generally has a fixed co-dimension

(determined by the dimension of the state space), and the energy is constructed to favor an or-



dered transition. In many cases, the bulk contribution of the energy is proportional to the k-
dimensional area of the transition layer, which ultimately provides a diffuse approximation of

minimal surfaces.

1.1 TaE ALLEN-CAHN MODEL

Forany u : Q — [-1,1] for a domain Q € R" and a parameter ¢ > 0, the Allen-Cahn energy

functional takes the following form:

2)2

E.(u) = /ledu|2 Gl

= (1.1)

(1-u?)?
4e

Note that while ¢|du|? favors ordered transitions, favors the pure states +1.

Building on the pioneering ideas of De Giorgi, Modica [59], Ilmanen [49], and Hutchinson-
Tonegawa [48], it has been understood that smooth critical points u : M — R for the Allen—Cahn
energy (here M could be a smooth manifold) serve as effective diffuse approximations of minimal
hypersurfaces. The Allen—-Cahn functional is a well studied model for phase transitions; a typical
critical point u takes values in [—1, 1], with u = +1 (the pure phases) except in a transition region
of thickness ~ &, where most of the energy concentrates. Roughly speaking, this region is an
e-neighborhood of a minimal hypersurface, which acts as an interface between the two phases,
and the energy density decays exponentially fast away from this interface. (See an illustration in

Figure 1.1)

In particular, an application of the AM-GM inequality and co-area formula also shows that:

—u2)2 +1
Eo(u) = /Q el + T2 5 /Q dul(1 - u2) = / = (= e,

This understanding brought a novel, PDE-based way to attack variational problems for the

co-dimension-one area [43], which often allows to obtain more refined results compared to other



Figure 1.1: The transition layer/energy concentration set in the Allen—-Cahn model

methods [17].

1.2 THE NON-MAGNETIC GINZBURG-LANDAU MODEL

In co-dimension two, similar attempts have been made by looking at the same energy for maps

u : M — C, replacing u with |u| in the second term:

dul? 11232
b= [ 1 Ol (L)

This corresponds to a simplified version of the Ginzburg-Landau model of superconductivity,
popularized by Bethuel-Brezis—Hélein [9], where one neglects the magnetic field. The asymptotic
analysis of this energy is substantially more involved, due to the lack of the aforementioned
exponential decay. In fact [9] showed that for the case M = B% for small enough ¢ > 0 the set

{lu] < %} can be covered by a collection of balls as in Figure 1.2 and that the energy roughly



expands as:

k
E.(u) ~ m|log(e)| Z djz + Z djd, |log la; - af|| + O(Boundary confinement terms).  (1.2)
j=1 j<t

Here d; = deg(u, wj) and:

Figure 1.2: The vortex set in the Ginzburg-Landau model in two dimensions

To understand the | log(¢)|-term, notice that a radial solution uy(x) = g(|x|) with one vanish-

ing point in the origin roughly behaves like |§—| outside Bg,(0). This means that the energy grows



as follows:

2
= | log(e)].

z
Eeluo) ~ /31\Bz<g a (H)

One can phrase things in a different manner: Imagine u = é is given on the boundary an.

Due to a simple topological obstruction, there does not exist a continuous extension of u in the
interior with |u| = 1. This is also true if we require that u € W2 (B%). The reason is the embed-
ding W2 (B%) — VMO(B%), where VMO stand for the space of functions with vanishing mean
oscillation. In fact the authors in [14] show that this space support degree theory. One can see

the Ginzburg-Landau energy (1.1) as the e-relaxation of the extension problem.

In higher dimensions after re-normalizing the energy f(jg(é))' , the energy slowly concentrates

on the vortex set as in Figure 1.3.

Q

I

Figure 1.3: The vortex set in the Ginzburg-Landau (abelian-Higgs) model in dimensions n > 2

This slow decay brought mixed results: for instance, [8, 57] (using what they call an -

compactness/ellipticity lemma) showed that in the vanishing ¢ — 0 limit the energy concentrates



on a stationary generalized manifold (varifold) and [22, 63] showed that the multiplicity of this
varifold takes values in {1} U [2, co) which could be non-integer. This fractional multiplicity is
essentially due to the second term in the expansion (1.2) leaking into the first term when two

components interact.

1.3 THE ABELIAN-HIGGS MODEL

On the other hand, including the magnetic field and looking at the so-called self-dual regime (also

called critical coupling), we can consider the alternative energy

1= 2\2
E.(u,a) = / |du — iau)® + & +e2ldal?| .
M 42

Apart from the different normalization, it differs from the previous energies by an additional
variable, the one-form a € Q!(M;R), which twists the Dirichlet term and appears in the Yang-
Mills term |da|? (indeed, the latter equals |Fy|?, where Fy is the curvature of the connection
V :=d — i on the trivial complex line bundle C x M).

Another way to see the purpose of this one-form (sometimes called the magnetic potential) is

that for u = re'? and V = d — i« for S'-valued 6 and real valued r and a one-form « we can write:
|Vul? = |dr|? +r?|d0 - af .

hence the magnetic potential or the one-form « helps the decay of energy by aligning itself with
df. Moreover the curvature term |da|? penalizes how much « can twist.

Note that for any ¢ € C.°(M) the following transformation:

(u, ) »» (ue’f, a+dé),



leaves the energy unchanged. This group of symmetries are called gauge transformations and
this property is referred to as gauge invariance. In particular, at a variational level, two gauge
equivalent pairs are indistinguishable from one another.

This energy, in this specific self-dual regime (i.e., the choice of constants in front of each term),
is well known in gauge theory, where it is often called U (1)-Yang—Mills—Higgs, or simply abelian
Higgs model. It received a thorough treatment in dimension 2, with a complete classification of
critical planar pairs (u, V) of finite energy by Taubes [74, 75] (discussed in detail in Part III). See
also [47] for the case of Riemann surface and [12] for Kdhler manifolds. Following an idea of

Bogomolny [10], one can indeed see that on R? for a section u = re'? and a connection V : d — ia:

(1= [u]?)? 2P

1 *da F

/ |du — iua|? + |da|? + :2n|N|+/ |xdr + r(a — do)|? +
R2 R2

One immediately notices that minimizers must have the second integral pointwise zero, which

are called the vortex equations:

1—r?
*dr = 2r(a —df) and xda =+

Taubes showed that:
1. after prescribing the set u~1(0) counted with multiplicity, all solutions of the vortex equa-
tions are unique (up to a change of gauge).
2. All critical points on R? are minimizers, meaning that they must satisfy the vortex equa-
tions.
With this information we can see that:
The abelian-Higgs model in R? models a system of N non-interacting particles.

Recently, in [62], Stern and Pigati developed the asymptotic analysis in arbitrary Rieman-

nian manifolds, obtaining the precise co-dimension-two analogue of the result by Hutchinson-



Tonegawa: see Theorem 13.1.1 below. Related facts, including I'-convergence and the gradient
flow convergence to mean curvature flow, have also been verified, by Parise, Stern, and Pigati

[60, 61]. In fact one can summarize the results of [60-62] as:

The abelian-Higgs model is an effective diffuse approximation for the n — 2-area functional.

1.4 DE-GIORGI'S CONJECTURE ON THE ALLEN—CAHN MODEL

Since the work of De Giorgi [24] and Allard [2], it is known that almost-flat minimal submanifolds
enjoy an improvement of flatness, i.e., they become even closer to a plane at smaller scales, in a
quantitative way. Iteration of this improvement of flatness is the key mechanism in proving
(quantitative) regularity of minimal surfaces. The key analytical fact behind this decay property
is the observation that the linearization of the minimal graph equation is the Laplace equation,
whose solutions enjoy similar decay properties.

A related question, in the spirit of the classical Liouville theorem, is whether globally defined
objects should be planar. The famous Bernstein’s conjecture predicts that this is always true for
minimal graphs R"~! — R, which are automatically (locally) area-minimizing hypersurfaces. In
view of the improvement of flatness, this question quickly reduces to understanding whether any
blow-down is necessarily a hyperplane. Bernstein’s question was answered affirmatively by the
works of Fleming, De Giorgi, Almgren, and Simons for n < 8, while Bombieri-De Giorgi-Giusti
produced a counterexample for n = 9, whose blow-down corresponds to the Simons cone, in [11].

It is well-known by now that in the Allen-Cahn model, the set {u = 0} behaves like a minimal
surface on large scales. By analogy, De Giorgi conjectured that critical points u : R* — R of the

Allen—Cahn energy further inherit a graphical Bernstein-type property from minimal surfaces:

Conjecture 1.4.1 (De-Giorgi). Letu : R* — [—1, 1] be a bounded critical point of the Allen—Cahn

energy (1.1), which is monotone in one direction, say d,u > 0. Then at least when n < 8, the solution



u must be one-dimensional, as in:

u(x) = tanh(x.a — b),

forb € R and a € R" with |a| = 1 and ay > 0.

The question has been solved by Ghoussoub-Gui for n = 2, in [42], by Ambrosio—Cabré for
n = 3,1in [4], and by Barlow-Bass—Gui under additional regularity for the level sets, in [6]. Finally,
in [70] Savin settled the conjecture for all n < 8 under the assumption that u(x’, x,) — +1 as

x, — *00, for any fixed x’ € R"*"!. In fact he proved the following theorem:

Theorem (Savin [70]). Letu : R" — [—1, 1] be a bounded critical point of the Allen—Cahn energy

(1.1), which is monotone in one direction, say d,u > 0 and:

Vi’ e R lim u(x',x,) = +1.

Xp—>+00

Then the solution u must be one-dimensional, as in:

u(x) = tanh(x.a — b),

forb € R and a € R" with |a| =1 and ay > 0, provided thatn < 8.

The general outline of the arguments are the following two steps:

1. First with a simple compactness argument we can see that the configuration is close to be

flat on large scales, with respect to a possibly changing plane.

2. The second step is an improvement of flatness: if the configuration is close enough to be

flat on scale 1, Then it is much closer to be flat at scale 1/2.

10



Iterating step 2 on large scales we can deduce rigidity/regularity. The precise definition of flatness
depends on the problem however the intuition comes from an idea of De-Giorgi that the area
functional linearizes to the Laplace’s equation. We can see this in the space case of graph f :
Q — R with small Lip(f) < 1, using the Taylor expansion Vi+xZ=1+ % +0(x3) to see that

the area functional is a third-order approximation of the Dirichlet energy:

d 2
Area(graph(f)):'/Q\/1+|df|2~/91+| ]2(| =1Q| + Dir(f),

whose minimizers enjoy good decay properties.

As for minimal graphs, De Giorgi’s conjecture (even with the extra assumption used by Savin)
is false for n > 9: a counterexample has been constructed by Del Pino—Kowalczyk-Wei, in [29].

Savin’s approach uses viscosity techniques, resembling the Krylov-Safanov theory in spirit.
In particular, while his groundbreaking methods have a wide range of applicability, even beyond
variational equations, it is not always clear how one can extend these techniques to the vectorial
setting (higher do-codimension), where the maximum principle does not apply; see however [27,
69].

Recently, Wang [80] obtained a variational proof of Savin’s theorem, following the strategy

of Allard’s proof of excess decay for stationary varifolds:

Theorem (Wang [80]). Letu : R" — [—1, 1] be a bounded critical point of the Allen—-Cahn energy

(1.1), with the energy bound:

lim
R—o0 Rn—l

1= 2\2
/ |du|2+%S60+r,
Bg

1
where oy = /_+1 (1 — t2). Then the solution u must be one-dimensional, as in:
u(x) = tanh(x.a - b),

11



forb € R and a € R" with |a| =1 and ay > 0, provided that n < 8 and t is chosen small enough.

Wang’s paper has been the starting point for our investigation of the regularity properties of

the zero set of solutions of the Yang—Mills-Higgs equations.

12



Chapter 2

Contributions

Building on [60-62] and inspiring from [70, 80] we ask the following question:

Question: Do critical points (minimizers) of the abelian-Higgs model inherit any
rigidity/regularity from minimal surfaces?
The main contribution of this thesis can be summarized vaguely in the following theorem:

Answer: ([28, 44, 45]) In the multiplicity one regime, stationary pairs and minimizers of the

abelian-Higgs energy enjoy an improvement of flatness.

However to prove the above theorem, one needs to build up a tool-box. In Part II and Part III of

the thesis we build this machinery and using these tools we attack the main problem in Part IV.

2.1 NEW WEIGHTED INEQUALITIES ON TWO-MANIFOLDS

In Part II we deal with a family of weighted elliptic inequalities on two-manifolds obtained in
[44]. These estimates are a crucial tool in our analysis later on and will be invoked many times
in Parts IIIIV; Moreover they can be seen as generalizations to the Cafarelli-Kohn-Nirenberg
interpolations estimates [15] or a class of Carleman-type estimates in dimension 2. The main

motivation is a weighted Hodge decomposition.

13



2.1.1 REsuULTS

We provide L?-weighted elliptic estimates for a class of positive weights « € W5H2(M?) on

smooth Riemannian connected two-manifolds (M2, g) that weakly satisfy
a)2Ag log(w) = —k(x)w?,
Examples of weights: In the case of M := R? all weights of the form
w(x) = I _ |x — ax|™ with {a;}}_, C R? and 4 > 0,

are admissible. More generally (as in [44]) for a smooth open and bounded domain Q € M in a

smooth two-manifold, the weights can take the following form:
w(x) = szle_akGf’k(x) with {pr}{_;, € Qand ax > 0,

where G,(x) = G(p,x) is the Green’s function for the domain Q centered on p, namely the
fundamental solution for the Laplacian on Q (for a comprehensive account of the Green’s function
on smooth manifolds see [56]). Following the observation in [56, eq (1.1)], we see that there is

some constant C > 0 such that any weight of the form (3.5) satisfies:

C"o(x) <IL_ d(x, pr)™ < C'w(x) in Q,

where d(x, y) is the geodesic distance between x, y on M.

The most important contribution of [44] is the following theorem:

Theorem 2.1.1 (Theorem 3.1.3). Let (M?,g) be a smooth 2-manifold and a weight « in Defini-

tion 4.0.1 withx = 0 ande > 0 and Q@ c M? a smooth open domain. Then for any function

14



f € C2X(Q) we have that:

2¢ 4
949 9 (supq w) / w 9
Vfl“dvol, < C A dvol,,
'/Qa) |Vf]“dvoly < 2 QlVC()|2| gf |7dvol,

8e2+5(1+¢)*

with the bound C < 8(1+0)2

which is comparable to % ase — 0.

The main motivation of the above theorem is in fact the following estimate regarding the

weighted Hodge decomposition:

Corollary 2.1.2 (Lemma 3.0.1). Let (M2, g) be a Riemannian 2-manifold and let Q@ € M? be a
smooth open domain and w is a weight as in Definition 4.0.1 with k = 0. Any smooth one-form

A€ Cé"’(/\1 Q) has a Hodge decomposition and a weighted Hodge decomposition as follows:
A = xdE| +dE and wA = xwdd + 0 tds

for4 compactly supported functions &1, éa, @1, p2. Moreover for any O < ¢ < C we have the estimates:

(supg @)%
oM d(E1 = 1) 2 < Ce [0 dda s -

2.1.2 OVERVIEW

The main motivation of these estimates is in fact the weighted Hodge decomposition of Lemma 3.0.1.
To understand better, we need to adapt the Hodge decomposition to a weighted case.

What is Hodge decomposition of a one-form A? It is the variational problem of finding the
nearest closed (co-closed) form to A. To adapt this to the weighted case we look at the following

energy:

[ 1= g @

1

15



In an appropriate family of function we can find a minimizer of (2.1) by the direct method in the

calculus of variation. Naturally we define:

X=(gec®): [ Plagl <o),

and an inner product:
(ool = [ Ix i, d).
1

Then we look at the completion X with respect to the norm ||.||x induced by the inner product. A
special case of a well-known class of inequalities called Caffarelli-Kohn-Nirenberg interpolation

inequalities [15] is as follows:

vrecr®y: [ 1< [ age.

This asserts that the space X is equivalent to the set {u such that |x|u € W12},
In the paper [16] the authors recast these inequalities in a different light. In fact it turns out
that after a log-polar transformation B% > x ~» (=log(|x]),0) € [0,00) x S with u = |x|f the

weighted term translates to:

/ e PldfI? = / ul? + |dul? dvolgi o e
R2 S1x[0,00)

Using weak lower semi-continuity in Sobolev spaces (either in the cylinder or on the plane
itself using CKN inequalities), we can apply the direct method in the calculus of variations to

assert that (2.1) indeed has a minimizer ¢. The Euler-Lagrange equation becomes:

d*(Ix[*(A-dg)) = 0.

16



This means that A — d¢ is co-closed, since it has zero trace we can see that:
Ix|A = |x|d¢ + |x| 7! % dE .
for some compactly supported function £. In fact the following orthogonality relation holds:

/ 1Al = / e P1dgI? + x| 21dE)?
p e

Now consider the Hodge decomposition of A = dq + *dp and the weighted one |x|A; = |x|d¢ +

|x|~! % d£. The main result of the paper can be vaguely stated as the following estimate:

/ X2 2d(p - g)? < Ce? / | 21de.
B2 B2
1 1

In fact in [44] we show that the closed part of the weighted and the non-weighted decomposition
are close in a precise quantitative way.

In [44] we only need the following assumption on the weights:
w?Alog(w) =0.

This permits us to generalize to weights vanishing at multiple points. Moreover the proofs are

(careful however) simple integration by parts, resulting in uniform constants.
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2.2 QUANTITATIVE STABILITY OF YANG-MILLS-HIGGS
INSTANTONS IN DIMENSION 2

Since the work of Taubes [74, 75] and Bogomolny [10] it is known that an N-vortex pair (u, )

on R? enjoys the lower bound:
E(u, ) > 27| N]|

for the Yang-Mills-Higgs energy (5.1) with € = 1 (here we identify V : d — ia). Moreover Taubes
showed that in the case of equality E(u, ) = 27| N|, after prescribing the zero set u~'{0} counted
with multiplicity, the solution is unique (up to change of gauge).

To study the fine properties of the zero set of critical points in higher dimensions, it is nec-
essary to have a fine understanding of how nearly minimal solutions behave. In fact along the
concentration set (the limiting generalized n — 2 submanifold), perpendicular 2-slices are close
to minimizers of the energy. The estimates derived in this paper heavily rely on [44] and are

instrumental in [28].

2.2.1 REsuLrts

The most important contribution of [45] is to improve the uniqueness of Taubes [74] to a sharp

quantitative stability in the following theorem:

Theorem (Theorem 5.1.1). For any integer N there exists a constant C|) > 0 such that for any
section and connection (u,V) € Wl})f(R2) on the trivial line bundle L = R? x C — R? with

deg(u) = N and small enough discrepancy E(u, V) — 2| N| we have that:

: _ 2 _ 2 _
(uor,rvlél)le(},”u uO”LQ(R2) + ”FV FV0||L2(R2) < C|N| [E(u’ V) 2”|N|] >
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where (up to a conjugation) ¥ is the family of all N-vortex minimizers of the Yang-Mills-Higgs

energy.

Some care has been done in the proof to make the constant on the right hand side depend

only on |N| and reduce the assumptions, which we will elaborate in the following section.

2.2.2 OVERVIEW

First we start with the identity:

5

E(u,V) - 27|N| = / 2| x dlog(r) + (a — dO)|> + | * dax —
RQ

where u = re'® for positive real valued r and S'-valued 6. Assume the pair (u, @) is smooth enough
and take a solution of the Taubes [74] vanishing on u~'{0} (which is unique up to a change of
gauge), namely (ug, ap). Now after a change of gauge we can assume that u and uy have the same

phase. Now defining:

|ul

h=log(—)and f = a — a9,
|uol
we see that (after a linearization):
E(u,V) — 27|N| ~ / W?| % dh+ BI? +| % dB + |uo|*h|? . (2.1)
R2

Note that in the absence of the weight r? we can carry out a Hodge decomposition and a stan-
dard compactness argument to bound fRQ |h|? with the expression above. In the weighted case

we leverage inequalities of [44]. Precisely we perform a weighted and a standard Hodge decom-
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position on f:
B =xdéy +dés and wf = w * dy + w Ty .
Plugging both into (2.1) we see that:
E(u,V) - 2z|N| ~ /IR? @*[d(h+ &) + 0 2|dE)* + |Ady + |uo R .

Using a compactness argument we aim to bound ng ©?|h|? however to close up the argument
we need to estimate the distance of &; and ¢;. This is the main use of the estimates developed in

[44], in particular Lemma 3.0.1 which asserts that:

C _
/ W |dE — dp)? < —2/ w 2|d&)? .
R2 &£ R2

With some additional details we conclude stability for regular enough pairs. However for a
generic pair one does not expect that r is comparable to any admissible weight (3.4). To gen-
eralize the stability to all pairs with small enough discrepancy, we perform a selection principle
inspired by [19] using a penalized functional. In fact this is equivalent to running the gradient

flow for one second.

2.3 DECAY OF EXCESS FOR THE ABELIAN-HIGGS MODEL

We study critical pairs (u, V) of the Yang-Mills-Higgs energy:

(1—Jul*)?

E(u,V)[Q] = / Vul? + e2|Fol? +
Q 482

Here Q c R" is a subset of the flat space and (1, V : d — i) is a section and connection on the

trivial line bundle C x R". We recall the main result of [62]:
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Theorem ([62] Theorem 1.1). Let L — M be a Hermitian line bundle over a closed, oriented Rie-
mannian manifold M" of dimension n > 2, and let (u., V.) be a family of critical pairs for the

Yang-Mills—Higgs energy E, (5.1) satisfying a uniform energy bound:
Ec(u:;, Vy) < A< o0,
Then as e — 0, the energy measures

1
He == ﬁes(ue; VE)VOIg s

converge sub-sequentially, in duality with C°(M), to the weight measure y of a stationary integral
(n — 2)-varifold V. Moreover the currents I, dual to the curvature %Fg and Jacobian two-form

J(u., V) = %d(Vu, iu) converge sub-sequentially to an integral (n — 2) current T’ with |T'| < p.

The results above vaguely states that, the energy of the critical pair concentrates around (gen-
eralized) sub-manifolds of co-dimension 2. Allard regularity theorem [2] asserts that the limit
varifold is indeed regular around points of multiplicity one.

In Part IV we investigate if critical pairs (u,, V,) in the multiplicity one regime inherit any

rigidity/regularity from their limit.

2.3.1 REsuULTS

Blow-up analysis around a multiplicity one regime, leads us to investigate pairs (u, V) on the

trivial line bundle C X R" with the energy bound:

1 1= 2\2
lim—/ |Vu|2+|Fv|2+M <om+7, (2.1)
R a)n—QRn_Q BR 4

for small enough 7 > 0.
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We measure flatness with respect to an n — 2 plane S = span{es,...,e,} in two ways (see

(14.1)):
E =E;{ +E-.

The first E; is an unoriented excess and parallels Allard’s L? tilt-excess in the setting of integral

varifolds:

r

2-n
Ei(u,V,B,(x),S) := o

|V ul? + & w(e;, ex)?
/Br( Z 93 Z J

*) | k=3 (jk)#(1.2)
The second excess Eo depends on orientation:

1 Jul?

; 2
|Ve,u+iVe,ul® + 5

ew(eq, e2) —

r2—n
Ea(w ¥, B,(2),5) = /B )
- (x

|

The full excess E = E; + Eg parallels that of De-Giorgi for integral currents. Around points

and it measures how far slices are, from solutions of the vortex equations (6.4).

of multiplicity one (2.1), we apply a blow-down and use a compactness argument combined with
Allard’s regularity theorem [2] to conclude that: E vanishes on large scales R — oo, with respect
to a possibly changing plane. The main results of Part IV is to upgrade this to an improvement of
flatness type result, or precisely a decay of excess while controlling the tilt.

Vaguely for general critical pairs we prove:

Theorem (Theorem 14.2.2). Critical pairs in the multiplicity one-regime (2.1) with small enough

T > 0 enjoy a decay of the first excess E1, until the scale R, where E; < R_2| log E|2\/1_3.
An immediate corollary of Theorem 14.2.2 is:
Corollary (Corollary 10.3.4). The blow-down of critical pairs as above is unique.

More precisely:
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Corollary (Theorem 10.3.5). The zero set of a critical pair as above (with the bound (2.1)) is in a

CeTwa neighborhood of a graph f : R"2 — R? with || f||c1e < 1 (after a possible rotation).
Iterating Theorem 14.2.2, we also get the following rigidity corollary for low dimensions :

Corollary (Theorem 10.3.7). For 2 < n < 4 there exists T > 0 such that all entire critical pairs
(u, V) with the multiplicity one energy bound (2.1) are two-dimensional; meaning that there exists a

projection P : R" — R? and a one-vortex solution of Taubes (ug, Vo) such that (u, V) = P*(ug, Vo).

Theorem 10.3.7 reduces classification result to a Gibbon’s conjecture in Conjecture 10.3.6 (cur-
rently open for critical pairs in dimension n > 5).
We can leverage diffuse regularity of Theorem 10.3.5 to prove more for locally minimizing

pairs:

Theorem (Theorem 10.3.8). For any number § > 0 and dimension n, there is a threshold r(f,n) > 0
such that locally minimizing pairs in the multiplicity one regime (2.1) witht = (3, n), enjoy a decay

of the full excess E, until the scale R where E < R™P

Additionally, we leverage this stronger decay of excess to prove rigidity for local minimizers

in all dimensions:

Corollary (Theorem 10.3.7). For any dimension n > 0, there exists a t(n) > 0 such that all entire

locally minimizing pairs in the multiplicity one regime (2.1) with T = 7(n), are two dimensional.

2.3.2 OVERVIEW

It is conceptually easier to look at blow-downs; meaning studying the problem when ¢ — 0.

The strategy for the proof of Theorem 10.3.2 can be summarized into three steps:

1. Lipschitz approximation in Proposition 15.2.1: We show that the location of the zero set

u~1(0) (after a possible rotation), is well approximated by a Lipschitz graph h : B’f‘Q — B%,
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with a good estimate on the Dirichlet energy:

/ |Dh|? < CE,
B2

Here because of gauge invariance (unlike [80]) we do not have access to arbitrary level sets
of u. Instead we slice at the current I, dual to the Jacobian J(u, V) and test each slice with

a function ¢ € C} (B%) to define (through a duality relation in Definition 15.1.1):

(@y(y), 9(y)) = (T, ¥ (2)p(y)dy),

for R" 3 x := (y,z) € R"2 x R2. Then using modified Jerrard-Soner [54] type estimates
and standard BV-theory we derive the desired Lipschitz approximation. Moreover we see

h_(flh h) : : 12
that —E S weakly pre-compact in W=,

. Harmonic approximation in Proposition 16.1.2: We can use inner variations (domain
variations) to show that a symmetric matrix valued function T;(u, V) (defined in (13.3)),
called the stress energy tensor is row-wise divergence free. In the context of Generalized

varifolds of Ambrosio—Soner, T; is a stationary varifold.

Moreover the self-dual structure (quantified by Eo) asserts that T, (u, V) is L2-close to J (u, V)

on certain non-diagonal elements.

Vaguely this shows that the oriented structure of the current I" and the unoriented structure

of the stationary varifold T, are closely related.

Using this observation and slicing formulas, we show that (testing T, with appropriate

domain variations) that:

< C\EE,||D¢|| o,

/ Dh.D&
B2

24




b=, 1)

VE1

‘/ Dh.d¢
B2

This shows that any weak W12 limit of A is in fact harmonic; meaning there is some har-

for any test function & € C7° (Bi"z). Naming h= , we see that:

< CVE.

/ |Df~z|2 < Cand
B2

monic function w such that:

/'|h—wF30@g.
B2

3. Caccioppoli-type estimate and decay of E; in Proposition 16.2.1: The beginning of the
regularity theory of elliptic equations is the Caccioppoli inequality, also called the excess-
height inequality in the context of minimal surfaces. Vaguely stated, we test the varifold

associated to T, with appropriate domain variations to derive an excess height inequality:

¢2E1 < C/ A¢2(|h — ¢|? + Variance of slice measure) dy.
B2 B2
Then we use decay properties of the harmonic approximation for the height, and conclude

the decay for the first term.

For the variance term, we use the quantitative stability of Theorem 5.1.1, we show that for

most slices:
Variance of slice measure — 820(2)| < C|log E[*VE,

where 0(2) is the variance of the measure associated to a one-vortex solution of Taubes.
Putting everything together we obtain Theorem 10.3.2.

For local minimizers, we construct competitors to improve the decay. In fact we show that in
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this case, the full excess in strongly approximated by the Dirichlet energy:

/Bn_z [E, — |dwl|[* < o(E).

1

Vaguely speaking, we update the weak W2 pre-compactness to a strong one. In other words,
we show that there is no concentration of excess E on arbitrary small (bad) sets. We assume

contradiction:
« Either some excess E concentrates on an arbitrary small set, or.
« The excess is not strongly W2 approximated by a harmonic function.

Both of the conditions above mean that one can replace h in the interior with a function that has
less excess E. Minimality should tell us that this is impossible. Then we use this information to
construct a competitor to reach contradiction. This construction is the most technical part of the

thesis and we summarize it in two main steps:

1. The Pull-back pair in Proposition 19.1.1: First we pull-back a one-vortex solution along
the graph of a competitor. The energy of this pull-back pair is effectively its Dirichlet energy,

however it is not yet a competitor as boundary conditions are not met. (see Figure 2.1)

Now we need to interpolate between the constructed pull-back solution and the boundary
condition, while carefully controlling estimates. This is the main use of quantitative sta-
bility results in Part III (the sharp power is what unlocks all dimensions n > 2). However
nearly minimizing slices are close to solutions in some gauge. In three dimensions (see Fig-
ure 2.1), we only need to perform a gauge transformation on two slices. However in higher

dimensions, this becomes very complicated.

2. A good gauge in Proposition 19.2.1: Fixing a gauge is a measurement, and if it’s done

on smaller scales, it will yield better estimates. The intrinsic scaling of this problem is ¢,
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Boudnary condition Pull-Back solution Boudnary condition

Interpoolation region

Interpoolation region

Figure 2.1: The pull-back pair

which means in order to expect any good estimates, we need to be gauge fixing at the &-
level. However we need to do this globally, which poses a problem. In order to overcome

this difficulty we proceed in the following steps:

(a) We cover the vortex set {|u| < %} with thin cylinders of size (Bg Sleloge] X Bgf) as in

Figure 2.2. The diffuse regularity in Theorem 10.3.5 ensures that no two cylinders are

on top of each other.

(b) In each cylinder, we find a careful gauge transformation & by solving (19.7). At this
step, the shape of the cylinders costs us extra | log ¢| factors in the estimates. However

this is enough for our purpose.

(c) For overlapping cylinders j < k we then estimate:
||d& — dgj”??(overlap region) = E(overlap region) . (2.2)

(d) Then we use a partition of unity ¢y for the thin cylinders to attach all &s together.
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(ue™s, a + dx)

Figure 2.2: A good gauge: the covering in the interpolation region

Note that |d¢| < L.

Now since >, ¢; = 1 and }; d¢; = 0 we can rewrite:
dY 5= A&+ $dEi = > gudpi(§; — &) + ) ydE; .
J J Jjk J
Hence we can estimate:

d > ¢i&illz < € D MG domaimy +C™ > 1€ = Eillovertap of jk
J J

overlapping j<k

However note that the second term can be bounded using Poincaré inequality:

||§J - Szj”overlap of jk < |£log€|”d‘§j - dgk”L(overlap) < E(OVeﬂaP ij; k) .

This is the key estimate that allows us to find a good gauge to interpolate and estimate.
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(e) Away from the vortex set, the energy decays like:

oPellogelle _  _ pb

B

which is where the stopping scale comes from.

3. Comparison and conclusion in Proposition 20.1.1: In the good gauge, we can interpolate
and build an honest competitor, with controlled estimates. We use this to show that, the
full (oriented) excess E is strongly approximated by the Dirichlet energy of some harmonic

function, thus concluding the decay.
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Part 11

New weighted inequalities on

two-manifolds
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Chapter 3

Introduction

We provide L?-weighted elliptic estimates for a class of positive weights « € WH2(M?) on

smooth Riemannian connected two-manifolds (M?, g) that weakly satisfy
2 _ 2
0 AgIn(w) = —x(x)w, (3.1)

with the weak formulation in Definition 4.0.1 and where A, is the Laplace-Beltrami operator on
M2, The original motivation of this article is to investigate the weighted Hodge decomposition
of one-forms in two dimensions and provide estimates on the distance of the weighted co-exact

part and the standard co-exact part as follows:

Lemma 3.0.1. Let (M?, g) be a Riemannian 2-manifold and let Q € M? be a smooth open domain
and w is a weight as in Definition 4.0.1 with k = 0. Any smooth one-form A € CX(A' Q) has a

Hodge decomposition and a weighted Hodge decomposition as follows:

A = xdE| +dEy and wA = xodd + 0 tds
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for4 compactly supported functions &1, Eo, p1, p2. Moreover for any O < ¢ < C we have the estimates:

(supg @)*
0™ d(E = $D)Is ) < O 0™ gl

These estimates are instrumental in the quantitative stability of Yang-Mills-Higgs instantons
in two dimensions in [45]. We present the results here in a more general setting, in the belief that
these inequalities will be useful in other contexts.

In two dimensions, our results improve on Caffarelli-Kohn-Nirenberg inequalities [15] since
we prove estimates for a wider class of weights, possibly vanishing on multiple points, with
universal constant (e.g. @ = |x||x — 1|). There are also weights who satisfy (3.1) (e.g. @ = |x|)

which are not in any Muckenhoupt class.

3.1 MAIN RESULTS

Let Q ¢ M? be a smooth open connected domain and let A; be the first Dirichlet eigenvalue of the
Laplace-Beltrami operator on Q. First we provide a generalization of Caffarelli-Kohn-Nirenberg

interpolation inequalities in two dimensions:

Theorem 3.1.1. Let (M2, g) be a smooth 2-manifold and a weight » as in Definition 4.0.1 and

Q c M? a smooth open domain. Then for any function f € C>°(Q) we have that:

/Q |Dwl|?| f|?dvol, < /Q w?|Df|*dvoly, (3.1)

provided that k < A;.
In the next theorem we provide homogeneous elliptic estimates:

Theorem 3.1.2. Let (M2, g) be a smooth 2-manifold and a weight » as in Definition 4.0.1 and
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Q ¢ M? a smooth open domain. Then for any function f € C*(Q) we have that:

4
/co2|Df|2dvolg§T_1/2 @ |Ayf | +5|Dw|?|f|*dvol,, (3.2)
Q o [Dwl?

provided that—%(Z —7) <k <Ay forsome( <7 < 2.

Theorem 3.1.3 is the main ingredient used in the proof of the Lemma 3.0.1 on the weighted
Hodge decomposition. We break the homogeneity to remove the term |Dw|f from the right hand

side, thereby introducing a constant on the right hand side as follows:

Theorem 3.1.3. Let (M?, g) be a smooth 2-manifold and a weight w in Definition 4.0.1 with k = 0

and e > 0 and Q@ C M? a smooth open domain. Then for any function f € C(Q) we have that:

2¢e 4
242 2 (supg @) w 2
/Qw ‘IDf|*dvoly < C 2 ,/ng@IQlAgfl dvoly, (3.3)

8e2+5(1+¢)*

with the bound C < S(1+e)?

which is comparable to g ase — 0.

Note that the Laplace-Beltrami operator A, on functions u € WL2(M, g) is defined by the

duality relation below:

/ —Aguo dvol, = /(Du, Do) dvoly, forallov € W01’2(Q).
Q Q

EXAMPLES OF WEIGHTS

In the case of M := R? all weights of the form

w(x) = I _ |x — ax|™ with {ax}}_, C R? and o > 0, (3.4)
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are admissible. More generally (as in [44]) for a smooth open and bounded domain Q € M in a

smooth two-manifold, the weights can take the following form:
w(x) = I1_ e %) with {p}7_, c Qand o > 0, (3.5)

where G,(x) = G(p,x) is the Green’s function for the domain Q centered on p, namely the
fundamental solution for the Laplacian on Q (for a comprehensive account of the Green’s function
on smooth manifolds see [56]). Following the observation in [56, eq (1.1)], we see that there is

some constant C > 0 such that any weight of the form (3.5) satisfies:
Cw(x) <II_,d(x, pr)™ < C"w(x) in Q,

where d(x,y) is the geodesic distance between x, y on M.
The weights (3.4) and (3.5) are generalizations of the Caffarelli-Kohn-Nirenberg interpolation
results [15], in two dimensions. Moreover Theorem 3.1.1 and Theorem 3.1.3 provide weighted

elliptic estimates for the weight w = |x|*:

/ 2@V f? < a2 / x| DS,
R2 R2

5
[ ns? < o [ Peiafea? [ e,

/ @O DR < Cea)® [ xP@D|Af,
By B1

provided that a > 0.

The methods throughout the paper are inspired by [15] and [16] and are quiet elementary and
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only use Stokes theorem. A crucial part of our proof, equation (4.5), uses Lemma 4.0.2 which is an

identity about symmetric matrices in two dimensions which does not hold in other dimensions.

Remark. In the case of unbounded domains (e.g. M? = R?) we set 1; = 0 in Theorem 3.1.2 and

Theorem 3.1.1.

Remark. Theorem 3.1.1 and Theorem 3.1.2 also work for the case of closed 2-manifolds Q = M?
with the assumption that fQ wf dvoly = 0. However Theorem 3.1.3 is a trivial statement for
closed manifolds since the assumption x = 0 tells us that Aga)2 = 4|dw|? > 0 and this means that

the only admissible weights are constants.
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Chapter 4

Proof of weighted inequalities

Definition 4.0.1. The weak formulation of (3.1) for a weight € W2(M?) is as follows: For

any smooth test function ¢ € C°(M?) we have that:

/Q(4|Da)|2 — 2kw?)p — a)2A9¢ dvoly =0.

To prove Theorem 3.1.1, Theorem 3.1.2 and Theorem 3.1.3 we use Stokes theorem to relate the
integral of a carefully chosen positive term, to the difference of the right and the left hand side of

(3.1) to (3.3).

Proof of Theorem 3.1.1. We begin with the identity below:

0 s/ ID(wf)[* dvol, = / loDf + Dawf!* dvol,
Q Q

:/ w?[DfI? + |Dwl?|fI? + 2(wDw, Dff) dvoly.
Q

After completing the derivative for the cross term and using Definition 4.0.1 we see that:
w2
/ 2(wDw, Dff) dvol, = / —7Ag(f2) dvol, = /(m2 —2|Dw|?)|f]* dvol.
Q Q Q
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Then we use k < A to estimate:

/Ka)2|f|2 dvoly < / ID(wf)|? dvol, .
Q Q

Finally we conclude that:

0< / w?|DfI* = |Do|?|f]? dvoly.
Q

Proof of Theorem 3.1.2. Similarly we begin by integrating a positive term:

2 4
W 2 w 2 2 2 712
os/Q||Dw|A_,,f+|Dw|f| dvolg:/Q—lDw'ngﬂ +20°fA,f + Dow?[f|? dvol, .

By Stokes theorem for the cross term and Definition 4.0.1 we get that:

/ 20 fA,f dvoly = / —20%|Df > + (4|Dw|? - 2k0?)|f|* dvol, .
Q Q

Since the assumption for an unbounded domain is k = 0 the proof follows immediately. Other-

wise by the assumption —k < /'11(%1 — §) we see that:

1
/ —2k|wf]? dvoly < A1(z - Z)/ lof|? dvol .
Q 2 4" Jg

By the characterization of the first eigenvalue of the Laplace-Beltrami operator A, we see that:

1 T 2 2 1 T 2

M(z—=) [ o°|IfI7dvoly < (5 —=) [ ID(wf)|” dvoly.

2 47 Jq 2 47 Jq

Since k < A1, Theorem 3.1.1 applies and we get that:

3= DA dvol, < 2= 1) [ WPIDFP dvol.
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Finally putting the estimates together, we conclude that:

4
w 2 2| £12 2 2
O§/92|Dw|2|Agf| +5|Dw|”|f]” — rw”|Df]*dvoly.

O

In the proof of Theorem 3.1.3 we deal with the weighted hessian matrix w2D? In(w) and by the
condition (3.1) we know that it is a two dimensional symmetric trace-free matrix. The following

lemma uses this structure and it is essential in the proof of Theorem 3.1.3:
Lemma 4.0.2. Let A € R?*? be a symmetric matrix, namely AT = A. Then we have that for any
two real vectors b, c € R?:

2A:b®c)b,c) —(A:b@bY|c|* — (A:c®c)|b|? = trace(A) (b, ct)?, (4.1)

where (:) is the matrix element-wise inner product and c* is the perpendicular vector to c.

Proof. We first calculate the expression above in dimension n. Since A is symmetric, it has n
distinct perpendicular eigen-vectors e; with real eigen-values p;. Then setting b; = (b, e;) and

¢; = {c, e;) we compute:
2A:b@c)bc)—(A:b@b)c]?> = (A: c®c)|b|?

= Z .ui(aicj_ciaj)2-

1<i,j<n

In the case n = 2:

2A:b®c)b,c) —(A:b®b)c|? — (A: c®c)|b|? = trace(A) (bicay — c1b2)?.
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Proof of Theorem 3.1.3. First we integrate a carefully chosen positive term of the form below:

/||D | Agf + @< Df>+2|Da)|f| dvoly

/|D |2|Agf|2+4 2<|D“’| Df)? +4|Dol?|f|? (4.2)
3
4|D“’T|2<Dw, DFYAf +40°A,ff + 8(wDw, fDf) dvol, . (4.3)

Then for the first cross term in (4.3) we calculate by Stokes theorem and (3.1) (with the weak

formulation in Definition 4.0.1) and the assumption k > 0 that:

0)3
/ Do |2(Da) ,Df)YAyf dvol,

w3

< ‘/(4@2 - 4|D:|4D2(10g(w)) Do ® Da))|Df|2 (4.4)

/2dwg(| 3| dw)|Df|? - 4D( Da)) Df ® Df dvol,

w3

- 4(D(| e

5Dw) : Df ® Df) dvol,.

The last line follows from the following:

3 3 3
w «w
— _dw)=2——Aw+60w% -4
Dol = 2 pup Dol
4 4

Do |2A(10g(w)) 4|D E

2divy(———— D*w : Dw ® Dw

= 4w +2 D*(log(w)) : Dw ® Dw

e
D?*(log(w)) : Dw ® Dw .

< 42— 42
“ " Do)t

Here we used the following identity:

wD?*w = 0?’D?*In(w) +dw ® dw,
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for the second term in (4.4). We get that:

3 4

—4(D(|D D) : Df @ Df) - 4|D 7

wt

D
= — 8w (Df, =242 44

Dol Dol [2(D* In(w) : Dw ® Df)(Dw, Df)

—(D?*In(w) : Df ® Df)|Dw|? — (D*In(w) : Dw ®Da))|Df|2] )

We apply Lemma 4.0.2 with:

A = w’D? In(w), b= lDzl and ¢ = Df,
and trace(A) = a)2Ag In(w) = 0 to see that:
w3 4
—4(D( Do |2Da)) Df ® Df) — |D |4D2(log(a))) Dw ® Dw|Df|* = 2<Df ID |

For the second and third cross term in (4.3) we see that:

/Q 40*Nyf f +8({wDw, fDf) dvol, = /Q —40?|Df|* dvoly .

Then putting the estimates together we see that:

4
21 712 w 2
/a) (Df, — |D | — |Dw|?|f]* dvol S/Q|Da)|2|Agf| dvoly .

40

D*(log(w)) : Dw ® Da)lDfl2

(4.5)

(4.6)



Using (3.1) with ¥ = 0 we get that for (4.6):

/a) (Df, — |D | — |Dw|?|f]? dvol,
_ et 2
_/Q|a)(Df, Do |)+|Da>|f| dvol,

>(sup a))_Qg/ 2€|a)(Df >+ |Dw| f]? dvoly . (4.7)
Q Q

Notice that w'*¢ also satisfies (3.1) weakly in the case of k = 0, so we compute (4.7) as follows:

/ w*|w(Df, —> + |Dw|f|* dvol,
Q |D |

_/ 2+2€(Df |> + 0¥|Do|?|f|2 + 2012 (Dw, D) f dvol,
Q

2+2s
= [ ¥ Df ) + 0D PIf - (5T dvel,

/( f, m>2 — (1+2e)w*|Dw?|f]? dvol, . (4.8)

Notice that for w!*¢ we have:

os/Q 2f|w<Df | |)+(1+e)|Da)|f|2 dvol,

_/ 2+2€<Df m> + (].+€)2602€|D60|2|f|2 +2(1+€)a)1+2€<Dw,Df>f dVOlg
Q

_/ 2+2E(Df =9y _ (14020 |Do)? |fI? dvol,.
Q Dol

We expand the square (1 + ¢)? to get a lower bound for (4.8):

-/< , |Daw |>2 - (L+ 2000 Do | fI* dvol > ¢ /sznga)|2|f|2 dvol, .
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and we get a preliminary inequality as follows:

2¢ 4
2 2, 12 (supg ) o] 2
/Qa) “|Dw||f] dvolg < 162 A |le2|Agf| dvolg. (4.9)

Then we use Theorem 3.1.2 for w!*¢ and k = 0 and 7 = 2 to see that:

4+2¢

e 2 2 2%y 121 £]2
2(1+€)2|Dw|2|A9f| +5(1 + &)* 0™ |Dowl”|f]” dvoly .

/ 20°*%|Df|? dvoly <
Q

Finally we use (4.9) to conclude that:

4 2¢
/a)2+2£|Df|2 dvol, < (85 +5(1+¢) (sup a))
Q

S(1+0)? ) ./|D |2|Agf|2 dvoly .

O

Remark 4.0.3. In the case of M? = B%(O) C R? and w = |x| after the log-polar transformation
B% — R* x S' = C by the map t = —In(|x|) and 6 = arctan(%) or equivalently a conformal

change of metric with the factor # and defining f = |x|™'u for f € Ccy’ (B%(O)) we can see that:

[, wwoPif? = [ uPavole, (10)
B3(0) C

/ a)2|Df|2:/|Du|2+|u|2dvolc,

B1(0) C
/ 2| Df|? = /lAu+28tu+u| dvolc . (4.11)
B2(0) |Dw|

After squaring and integrating by parts we see that (4.11) becomes:

4
Ly PP = 10l o+ 20+ s+l
B3 (0

We can see that if u(t, ) = sin(6) then (4.11) vanishes however (4.10) does not vanish so the term
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|Dw|f on the right hand side of (3.2) is necessary. However the extra ¢ in the power

/32(0) > |Df|* = /C(|Du|2+ ul*)e”**dvolc,
1

2

compactifies the domain R* x S with a total measure of £2. This provides some insight on

Theorem 3.1.3 and the constants in (3.3).
We conclude the paper with the proof of the weighted Hodge decomposition estimates:

Proof of Lemma 3.0.1. We consider the two variational problems below:

inf A — xd&)? dvol, and  inf 2|A — xdd|? dvol,, . 4.12
it Jy AP ket [ A sy

Let W01’2(a)2, Q) be the completion of C°(Q) under the w?-weighted norm

21,12 2
lullygonan = | 0P (ul+ ldul®).
By Theorem 3.1.1 we see that
1
C ullwrz(w2,0) < lloullwizq) < Cllullwiz2wz )

and by the equivalence of the norms, the family of functions {u : wu € Wol’2 (Q)} is equivalent to
W01’2(w2, Q) the existence of minimizers of (4.12) follows from convexity and the direct method

in the calculus of variations. The Euler Lagrange equations for minimizers tell us that

*d(A — *xd&)) = 0 = there exists & such that A — xd&; = dé; and

*xd(w?(A —*dg1)) =0 = there exists ¢ such that w?(A — xd¢1) = dgo .
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in the sense of distributions. Then with a direct application of Theorem 3.1.3

(sup p2 0)%#  w?

o = $DlEapen) < Ol Bg(E1 = 8Dl pe
and
a)2 9 602 0 ) , ,
”mAg(gl - ¢1)”L2(M2) = ”md(a)_ d(]SQ - d§1)||L2(M2) = 4||a)_ d¢2”L2(M2) .

we conclude the proof.
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Part 111

Quantitative stability of Yang-Mills-Higgs

instantons in two dimensions
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Chapter 5

Introduction

5.1 BACKGROUND AND MAIN RESULTS

Let (u,V) be a section and connection on the trivial line bundle R? x C — R2. The self-dual
U(1)-Yang-Mills-Higgs functional after a suitable re-scaling is

(1 Ju*)?

E(u,V) = / Vul2 + |Fol2 + , (5.1)
R2 4

where Fy is the curvature two-form of V (see Chapter 6 for details). One can show that in two

dimensions the energy is lower bounded by a topological constant (see [10, 74])
E(u,V) > 27|N|, (5.2)

where N = deg(u) is the rotation number of ﬁ at infinity (Which is well defined when the energy
(5.1) is finite, see Lemma 6.1.1). It is well known that minimizers of this functional satisfy a system
of first order vortex equations, also known as the Bogomolny equations. In his PhD thesis ([74,
75]) C.H.Taubes shows that after prescribing the zero set, the solution exists and is unique, up

to a change of gauge (see also [51]). Later in [62], A.Pigati and D.Stern consider the e-rescaled
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Yang-Mills-Higgs energy in higher dimensions:

(1 - Jul*)?

Eu(4,V) = / Vul? + 62| Fo? + ,
n 482

where M" is a compact Rimmannian n-manifold and they use this energy to construct minimal
sub-manifolds of co-dimension two. Precisely, they show that in the ¢ — 0 limit, the energy
measure of critical points with uniformly bounded energy converge sub-sequentially to an integer
rectifiable stationary varifold V of co-dimension two. Moreover they show that the currents dual
to the curvature two-form converge to an integer rectifiable (n — 2)-cycle I with |T'| < py.

As afirst step towards understanding the quantitative behavior of minimizers of the e-rescaled
energy in higher dimensions and regularity properties of the vortex set via a blow-up analysis, it is
necessary to have a complete understanding of the stability of the energy (5.1) in two dimensions
for arbitrary pairs. In fact, these estimates are mainly motivated by their importance in [28].
Roughly speaking, for an almost flat critical point of the re-scaled functional (5.3) in dimension
n > 3, transversal 2-dimensional slices nearly minimize the two dimensional energy, with an
error quantified by the flatness.

For any sharp functional inequality it is also natural to ask "Can we estimate the distance to
critical points by the discrepancy between the left and right hand side for some appropriate notion
of distance?”.

For instance this question has been extensively studied for the isoperimetric inequality (see
[18, 19, 35-39, 58]) via methods of PDE and symmetrization. In [19] Cicalese and Leonardi use
a penalization technique and regularity theory for quasi-minimizers of the perimeter to find uni-
form C! approximations of sets, for which they use PDE techniques to prove stability. The meth-

ods in this article are partly inspired from this approximation technique (see Chapter 8).
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We first observe in Chapter 6 that the discrepancy is

1—r2|2

5

E(u,V) —27nN = /

r2| xdlog(r) + A—dO|> + | x dA —
R2

where r = |u| and A is the real connection one-form of V : d —iA. This leads us to investigate the

perturbed vortex equations:

*d10g|u|+A—d9:£and *x dA —

|ul

L |ul® _

fa, (5.3)

for some fi, f> in L?(R?). The main difficulty is the error term |Jl:—| for which Muckenhoupt theory

[20] and Caffarelli-Kohn-Nirenberg inequalities [15] fall short. Lojasiewicz inequalities are also
a possible technique (as used in classical GMT applications e.g. by L. Simon in [71]). However
obtaining the inequality with the sharp power (such as the techniques of Topping in [78]) is rather
difficult. However we are able to improve the existence and known results to the following sharp

stability:

Theorem 5.1.1. For any integer N there exists a constant C|y > 0 such that for any section and
connection (u, V) € Wli’f(RQ) on the trivial line bundle L = R?> x C — R? with deg(u) = N and
small enough discrepancy E(u, V) — 27| N| we have that:

. 2 2
min =0l g + 1P = Py 2z < Civt [ V) = 27INT]

where (up to a conjugation) ¥ is the family of all N-vortex minimizers of the Yang-Mills-Higgs
energy.

The proof relies on two main tools: Weighted elliptic inequalities of [44] (Recalled in Part II),
in particular the weighted Hodge decomposition and a selection principle (inspired by [19]) using
a penalized functional (see Chapter 8). Roughly speaking, this method is analogous to running

the gradient flow for unit time. However the proof of existence for minimizers of the penalized

48



functional (8.1) is straightforward as apposed to existence of the gradient flow (especially on an

unbounded domain).

As a by product of these methods, we also prove a weighted Sobolev stability for regular

enough pairs in the following theorem:

Theorem 5.1.2. For any A > 1 and integer N, there exists constants C x|, Nan| > O with the

following property. Let (u, V) € Wlif (R?) be an N-vortex section and connection such that

(i) xd ((|Z—|)*(d9)) =2 ZLA:]'l Ox, for a collection of points {xk}}j\jl c R? counted with multiplic-

ity.
(ii) E(u, V) = 27|N| < 1} )

(iii) A"Yug| < |u| < Alug| for some N-vortex solution (ug, Vo) with {xk}}j\:”1 as the zero set

(counted with multiplicity).

1
N

2+2¢
u
/R?' ol [

up to a choice of +A.

Then for any 0 < ¢ <

2

C
+140 = AP | < 5 [Ew. V) - 27IN1]

dlog (M)
uo|

Remark. The assumption (i) is satisfied if ﬁ € Wlicl (R2). This is in fact a direct consequence of

[52, Theroem 1.2]. However it is not clear if (i) can be inferred from (ii) and (u, V) € WH2(R?).

A central tool in the analysis of the abelian Higgs model in any dimension n is the Yang-Mills-

Higgs Jacobian J(u, V), which is a two-form defined as follows:

JW,V)(j, k) = Q2iVju, Viu) + w(j, k) (1 - |u|?), foralll < j <k <n,
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where w is the real curvature two-form associated to the connection V. It is the analogue of the
Jacobian in the Ginzburg-Landau model (see [54]). In Section 7.3 using Theorem 5.1.2, we prove

the second order stability of the Jacobian for regular pairs:

Theorem 5.1.3. For any A > 1 and integer N there exists constants Cy N, 1an| > O such that for

any (u, V) € WI})CZ (R2) satisfying (i),(ii) and (iii) in Theorem 5.1.2 the following estimate holds:

[, U9 = 10, 90)] < o VEGw ) = 221N

up to a conjugation of u.

To prove an improvement of flatness type result in [28], we rely on energy comparison with
the pull-back of the two dimensional solution via a suitable harmonic competitor. The key dif-
ficulty there is to attach the boundary data which uses Theorem 5.1.1, Theorem 5.1.2 and Theo-
rem 5.1.3 as the main ingredients (See [28, Proposition 10.2]).

For a non-optimal Lojasiewicz-type inequality for Yang-Mills-Higgs energy in complex ge-
ometry see [34, Section 1.3.3]. Related to the estimates in this paper, in [73, Section 3], D.Stuart
defines a corrected Hessian for the Yang-Mills-Higgs energy (to mod out the gauge freedom) and
derives coercive estimates. Further studies on the Yang-Mills-Higgs energy on Kahler manifolds
has been done in [13, 46, 55]. For stability type results on the Yang-Mills functional we refer
the reader to [76, 79]. It is also worthy to mention the articles [60, 62] for results connecting the
variational theory of the re-scaled Yang-Mills-Higgs functional and minimal surfaces and [68] for
the magnetic Ginzburg-Landau theory.

At the present we do not know how to obtain the estimates of Theorem 5.1.2 for the case ¢ = 0.
The reason is that the embeddings of Lemma 3.0.1 are no longer compact for ¢ = 0. The stability in
this problem is also deeply related to Poincaré inequalities on the unbounded one-sided cylinder
R*xS! via the log-polar coordinate, which fail to be true. However by increasing the power in the

weight by a factor of ¢, analogously, assigning an exponentially decaying weight on the height
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e~ : (t,0) € R* x S' — R*, we are roughly compactifying the domain with a total measure of
order £~2. This also serves as an intuition for the factor in the right hand side of Theorem 5.1.2.

However the power 2 is sharp. We also state the following problem:

Open problem. Do the estimates of Theorem 5.1.2 fail for the case ¢ = 0?7 In particular, does there
exists a sequence of N-vortex pairs {(ux, V) } ., such that the sharp stability fails in the following

sense

E(ur, Vi) — 272|N
kliIn E(ug, Vi) = 2x|N| and lim (ug, Vie) = 27| N|

k—o0 Ny vo)er ||dux — dug||?

L2 (RQ)

5.2 RESULTS ON COMPACT SURFACES

The Bogomolny trick also works on nontrivial line bundles L — M over closed surfaces. In this

case the energy is lower bounded by the degree of the line bundle:
E(u,V) > 27| deg(L)] . (5.1)

In this case the vortex equations take the same form:

1 - Juf?

Vau+iVoyu=0and x Fy = 5

(5.2)
Integrating the second equation over M, we see that:
1
|deg(L)| < —vol(M).
4r

In [41] Garcia-Prada obtained the analogues existence and uniqueness (for a slightly generalized
functional) provided that the above constraint is satisfied. In this article we also prove the ana-

logues stability, in the following theorem:
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Theorem 5.2.1. Let (M, g) be a smooth compact Riemann surface and L — M a Hermitian line
bundle over M with | deg(L)| < Vol(M) Then there exists a constant Cyy > 0 with the following
property: Let (u, V) be a section and connection on L such that E(u, V) — 2| deg(L)| is small enough,

then:

: 2 _ 2 _
(uol,IvléI)IGT”u uO”LQ(M) + ||FV FV()”LQ(M) S CM [E(u3 V) 27T| deg(L)l] B

where (up to a conjugation) ¥ is the family all minimizers of the Yang-Mills-Higgs energy on L — M.
Similarly for compact Riemann surfaces, we have the following result for regular pairs:

Theorem 5.2.2. Let (M, g) be a smooth compact Riemann surface and L — M a Hermitian line
bundle over M with | deg(L)| < Vol(M) For any A > 1, there exists Cap, oy > 0 with the

following property. Let (u, V) € Vvlo’c (M) be a pair such that

(i) *d((|u|) (d@)) =2 Z'deg(L)| Jdx, for a collection of points {xk}ldeg(L)| C M counted with

multiplicity.

(i) E(u, V) — 27| deg(L)| < 13 .

(iii) A ug| < |u| < Alug| for some solution (ug, Vo) with {xk}ldeg(L)|

as the zero set (counted
with multiplicity).

Then for any 0 < € < %:

2

up to a conjugation of u. Moreover the following inequality holds for the Jacobian:

+1Ag — AP | < Z2M [E(u, V) - 27| deg(L)]] -

/M |J(u, V) = J(ug, Vo)| < CA,M\/E(u, V) — 27| deg(L)| .

52



5.3 OUTLINE OF THE PROOF

Here we give an overview of the plan of Part III of the thesis:

In Chapter 6 we prove that the degree is well defined for pairs with finite energy.
Then we re-derive the first order vortex equations (6.4) and subsequently the PDE (6.1) and we de-
fine the discrepancy (6.1). Then in Proposition 6.2.1 we show that solutions are locally comparable

to IIM

oy X — al.

Here we explain the case of just one vortex for the sake of clarity. The ideas carry
over to the case of multi vortex situations, since the elliptic and Poincaré type inequalities of [44]
(recalled in Part II) have uniform and explicit constants. Now assume that u = e’u for a com-
pactly supported real valued h € C.°(B1(0)) and a one-vortex solution ug centered at the origin. In
2

this case after a suitable gauge transformation we can linearize the discrepancy E(u, V) — 27 =

as follows
q2~/ |x|?| x dh + B|? + | * dB + V(x)h|?,
By

where h = log (%) and B=A — Ag and C~!ug|? < V(x) < Clug|?.

Now if the right hand side is zero, the first term tells us that xdh = —B. Then we substitute
this in the second term to see that —Ah + V(x)h = 0; testing this PDE with h and integrating by
parts, we conclude that h = 0.

Now we aim to make this quantitative. First it is instructive to see the compactness argument
if the first term was not weighted: Arguing by contradiction and scaling, we can assume that
|h||;2 = 1 while 7 — 0. Then we see that xdh is uniformly close in L? topology to the co-exact
part of —B, for which we have uniform W%? bounds using the second term. Then we conclude
that h (up to extracting a sub-sequence) converges to zero, strongly in L2. The idea is to adapt

this proof to the weighted case.
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For this purpose we introduce a |x|?-weighted Hodge decomposition of B as the minimizer of

the following weighted functional

inf / |x|?|B — *dvl|?,
By

veW, 2 (|x|2,B1)

where W12 (|x|?, By) is the |x|?-weighted Sobolev space (for details, see Part IT). With the direct
method in the calculus of variation and Theorem 3.1.1 we guarantee the existence of a minimizer.

Then the Euler Lagrange equations of minimizers tells us that:
|x|B = x|x|dv + |x|'df and B = xdp + dq .

Then we rewrite the linearized discrepancy using these identities. To be more precise we use the
weighted Hodge decomposition for the first term and the standard Hodge decomposition for the

second term:

n* ~ g IxI*ld(h+0)” + |x[72|df1? + |Ap + [uol *hI* (5.1)
1

Then we apply the weighted elliptic estimates of [44] recalled in Lemma 3.0.1 and we estimate

the distance of the weighted and the standard Hodge decomposition as follows:

C B C
[ - < 5 [ wilas? < ot
By € JBy £

for any £ > 0. With this and (5.1) we get the uniform W12(B;) estimates needed for |x|'*¢h near
the vortex set to gain compactness.

To generalize this heuristic to many vortices, we note that all weights of the form Hﬁ Ll =
ar|* with a; > 0 satisfy the condition Definition 4.0.1 to apply Theorem 3.1.1.

Then with a concentration compactness type argument we glue the local weighted estimates
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near the vortex set and uniform elliptic estimates far from the vortex set to conclude the stability
for regular sections.

Step 3. |In Chapter 8 we generalize the stability to require only that the pair (u, V) € WI})CZ (R2)
nearly minimizes the energy. We use a selection principle and construct a new pair (u1, Vi) by a

finite iterative process of replacing (u, V) with the minimizer of the auxiliary functional
E(u1, Ar) + |lug - ull%z(Rz) +|A1 - A||12;2(R2) :

By Lemma 8.2.1 we gain some regularity at each step so after finitely many steps we have a pair
(4, V) with uniform CN* bounds in the local Coulomb gauge. Arguing by contradiction and
Arzela-Ascoli we conclude that with small enough discrepancy u; is close enough to ug in CN
topology. Since ug is analytic, we see that u; is a CV perturbation of a complex polynomial with
degree < N. We then apply Lemma A.0.1 to see that CV perturbations of complex polynomials
with degree M < N are uniformly comparable to another complex polynomial. This reduces the
problem to Theorem 7.0.1 in Chapter 7.

We show that the methods above can be adapted, with little to no modification, to
prove stability for nontrivial line bundles over arbitrary smooth compact Riemann surfaces. Here
instead of polynomials, we use weights of the form szle_“"G"k ) with a > 0, where Gy(y) is
the Green’s function for a domain Q € M in a Compact Riemann surface M. Note that in two
dimensions, the Green’s function for the Laplacian is proportional to —log d(x, y), where d(x, y)
is the geodesic distance between x,y on M; so essentially we work with weights proportional
to IT}_, d(x, xx)“. Notice that estimates of Part Il work with universal constants on any surface

with boundary.
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Chapter 6

The vortex equations

We work on Hermitian line bundles over smooth manifolds; on the trivial bundle L = C x RZ, we

can always write a metric connection V as
V=d-iA

for a real-valued one-form, meaning that V¢s = ds(&) — ia(&)s.
In general, for two vector fields ¢ and 7, typically Vi and V, do not commute, meaning that

the connection has nontrivial curvature. Formally, the curvature Fy is given by

Fv(f, 17) (s) = [Vé’, VU]S — V[g,,ﬂs. (6.1)

A simple computation shows that Fy is a two-form with values in imaginary numbers; we will

sometimes use the real-valued two-form w given by

Fy(&n)(s) = —iw(& n)s. (6.2)
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On the trivial bundle, if V = d — iA then we simply have
® = dA.
Notice that the Yang-Mills-Higgs energy functional (5.1) enjoys the gauge invariance
(V) = (ue®,V - id?),

for any compactly supported function & € C°(R?). Moreover, after fixing the connection one-
form V : d — iA we can rewrite the energy (5.1) as follows:

(1 - Jul*)?

E(u,A) = / |du — iu ® A|? + |dA|? +
R2 4

The one-form A is sometimes called the magnetic vector potential. Observe that if u = re'® the
energy can also be written in the following form:

(1- r?)? .

E(re' A) = / dr|? +r?|A — d6|? + |dA|* +
R2 4

(6.3)

Note that € cannot be defined globally, however d6 is defined by pulling back the tangent vector
to S by the map Tl
In [74] C.H.Taubes proves existence and uniqueness for minimizers of (5.1) using the vortex

equations which are as follows (up to a conjugation or a change of orientation):

1-r2

*xdr =-r(A-df) xdA= 5

(6.4)
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6.1 THE DEGREE AND THE DISCREPANCY FOR FINITE ENERGY PAIRS

In the following lemma using the trick of Bogomolny [10] we first prove that pairs (u, V) €
Wlif (R?) with finite energy have globally well-defined degree. Moreover we also derive the

discrepancy and the vortex equations.

Lemma 6.1.1. Let (u, V) € Wlif (R?) be a pair of section and connection on the trivial line bundle
CxR? with finite energy (5.1) E(u, V) = A < oo andu = re’ (for some 0 : R — S') and V : d —iA.
Then:

(i) The degree of u, namely deg(u) = N is globally well defined.

(ii) The integral in (5.1) or equivalently (6.3) (possibly after a conjugation of u) can be rewritten

as:

. 1 =2
E(re’g,A):2n|N|+/ | % dr+r(A—do)|?+|*dA - 2r 2. (6.1)
R2

Proof. We use the notation u = re’® and V = d — iA as defined above. Note that (u,V) €
Wl(l)f (R?) ¢ VMO (R?), which is the space of functions with locally vanishing mean oscil-
lation. We know from [14, 1.2 Property 2] that the degree is locally well defined. We need to
show that it is also globally well-defined. First name the sub-level set Z; /o = {r < 1/2} with the

disjoint open and connected components Z; /o = U;’;l Q}/ 2, By the Coarea formula we have that:

1/2 L A
/ Z?‘ll({r:t}ﬂQj/ )dt:/ |dr|SC/ |d”|2+—§CA
0 J:1 21/2 21/2 4

Then by the mean value theorem we can find some threshold i <p< % such that Z;’;l H! (an ) <

CA . Here Zg = U;‘;l Qf are the disjoint connected components of Zs = {|u| < f}. Now since
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perimeter bounds diameter we can see that:

(o)

> diam(Qf) < CA.

Jj=1

Since each Qf has finite diameter, we can see that the degree deg(u, an ) is well defined on each

domain. Now we proceed with a Cauchy-Schwartz and Stokes theorem:

(1-r?)2

oo>A2Z/ﬁ|dr|2+r2|A—d0|2+|dA|2+ 7
=1 Y%

/QﬁdAL;rQ)—r*dr/\(A—de)

/ﬁ dAL;rQ) +xd(B% - ) A (A - db)
Q

J

/ d(d0) (5 — 1)
!

I
O

Il
)
DM 1M 1

~
Il
=

= Cp* )| deg(u, 00)
j=1

The last line follows from pr d(do) = /aQﬁ ;0 = deg(u, Qf ). This tells us that only finitely
j j
many of the domains Qf have non-zero degree. Hence we can see that the degree is also globally

well-defined. We also name

deg(u) = N.

To prove the second point, we again replace |dr|?> with | % dr|? and complete the squares in

(6.3):
E(re'? A) =
1 - 2\2
= [ 1xdr+r2A—dop +1daP + LTS
R2 4
2

" 122 2rdr A (A—dB) +dA(1 - r?) .

:/ | xdr+r(A—-do)|* +| xdA -
R2
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Using d(1 — r%) = —2rdr and Stokes theorem and noticing that
/ —2rdr A (A —db) +dA(1 —r?) < CE(u, V) < oo,
R2

we see that:

1-r2

E(reie,A):/ | % dr +r(A—do))* +| xdA - 1> +d(do)(1-r?).
R2

For any compact set K € R?\{r = 0} we see that d9 € W?(K) hence d(d0) is supported on the

zero set of r we can see that:

/RQ d(do)(1 - r?) = ; /Qf d(dO)(1 - r?) = ; /Q;’ d(d6) = 27 deg(u) .

Then after a possible conjugation of u we see that

E(re', A) = 27| deg(u)| + /RQ | % dr +7r(A—dO)|? +|xdA - 172 |2
We get equality if and only if:
wdr = —r(A—df) xdA=2 ;r2
These are called the first order vortex equations. m]

Remark 6.1.2. Assuming sufficient decay for |Vu|(x) as |x| — oo (see the conditions in [51,

Chapter II, Theroem 3.1]) we can also see that:

/ dA = 27N .
R2

For a detailed discussion see [51, Chapter I1.3]. But here we do not need this result. Notice that
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even if dA is sufficiently close to an integral two-form in L2(R2), since R? is unbounded, one can

draw no conclusions on the integrality of dA.

6.2 ESTIMATES ON SOLUTIONS OF THE VORTEX EQUATIONS

In the sequel without loss of generality, we assume that N > 0 after a possible conjugation
of u. Here we first prove that solutions of the vortex equations are comparable to modulus of

polynomials on their sublevel sets. We collect these information in the following lemma:

Proposition 6.2.1. There exists a constant Cy > 1 depending only on N > 0 with the following
property: Let (ug, Vo) be a solution to the vortex equations (6.4) as in [74] with the prescribed zero
setxy, ..., xy € R? counted with multiplicity. Then there exists M < N balls {B,, (zk)}f:1 and some

1 < B < 3 such that:
(i) Zg = {luol < B} € UL, By, (2,
(ii) Bap,(zi) ﬁngj(zj) =0 foralll <i<j<M,
(iii) 1 < px < Cn foralll <k <M,
(iv) C&lwk < lug| £ Cnwg in Bop, (zk), s.t. o (x) = HxieBpk(Zk)lx — x| foralll <k < M.

Proof. First we estimate the measure of {|u| < %}. Then we use the co-area formula and a mean
value theorem to find a sub-level set {|u| < B} set with bounded total perimeter. Then we cover
them with non intersecting balls and use (6.1) and the maximum principle.

Name rg = |ug|; by the vortex equations, we know that rj is a solution of the following

N
1
—Alog(rg) + —(rg -1)=- Z 276y, , (6.1)
2 i=1
where {x1,...,xn} C R?is the zero set of ry (counted with multiplicity) and Jy is a point-mass on

x € R2. Define the sub-level set and its disjoint connected components Zg={rg < p} = U‘;’;l Zé.

61



Then we multiply (6.1) by rg — B? and integrate by parts on each Zé:

0< /,. 2|dro|” + %(1 - 1) (B? - r3) = 27f°K; .
2
Here K; is the number of zeros in Zé ;if Kj = 0 we see that ryp = f on Zé and since solutions of the
vortex equations are analytic (by [74, Proposition 6.1]), unique continuation tells us that ry = f
globally, which is a contradiction if f < 1 or N # 0; so we conclude that K; > 1 for finitely many
Jjs. This means that there are at most N connected components of Zz for all f < 1.

Now we sum the estimates on Z3:
4

1 9
2 2 2 2
|Z%|+/Z1 |dro|” < C/Z 2|dro| +§(1—r0)(ﬁ—r0) <Cn.

2

[y

Sﬁs%such

el

By the co-area formula and mean-value theorem we get that there exists some

that:

1
H (92p) < cﬁle(azs)ds sC/ |dro| < C|Z%|%(/ |dro|?)? < Cy.
I z z

[N
S

Since the set Zz has at most N connected components {Zé}?ﬁ | for some M < N we get that

IA

Maxj<j<m diam(Zé) < Cp. Then we find M balls B,(z1),...,B,(z)y) with 1 < r < Cy whose
union covers Zg C U?ﬁ 1Br(zi) and z; € Zg. To find the balls covering Zg satisfying the assump-
tions, at each step we replace any two balls B,,(z;), B,,(z;) that, if dilated, intersect Ba,(z;) N
Bar,(z;) # 0 with the ball B3(y,4))( “TZ’) Since at each step the number of balls decreases, this
procedure stops at maximum N — 1 steps. Notice that in each step max(r;) increases at most by
a factor of 6 so we are left with M < N balls B,, (z;), ..., B,,,(zx) such that 1 < p; < Cy.

Now for each 1 < j < M define the weight w; = I, |x — x;| where x1, ..., xk, are the zeros

62



of ry in the ball Bf,j (zj). Then we estimate || log(w;) — 10g(r0)||Lm(B£p(zj)) using (6.1):
—Ah = 1(1 —r2)in B, (z))
- 2 0 2p; NI/
h =log(rg) —log(wj) .

Notice that by (6.1) we have Arg = 4|dro|? - rg(l - rg) and with an application of the maximum

principle and /RQ |dro|? < oo we can see that rg < 1. We then notice that:
Ah> 0and — A(h—p?+ ) < 0in B
—Ah > 0and — A( —pj+Z|x—z]-| ) <0in 2pj(zj).
By the weak maximum principle we get the estimates below:

||h||Loo(B;2' () S pjz- + sup |h] < sz\;+ sup |log(ro)| + |log(w;)]|.
Pj aBJQPj (zj) aBJgpj (25)

From the bound on f > i we know that angj(zj) C Z,g, c {ro > %1} and this yields an upper
bound on |log(rp)| on the boundary of the ball. Since {xi,...,xk;} € Bf)j(zj) and p; > 1, we
get a lower bound for w; which combined with p; < Cy gives us an upper bound on |log(w;)|.
Finally we estimate:

<Cny=> e'cNa)j <rp < echj in Bépj(zj),

||h||Loo(B]2'pj(Zj))

and conclude. m]
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Chapter 7

Stability of regular pairs

In this section we show stability under some regularity conditions:

Theorem 7.0.1. Forany A > 1 and N € N there exists na n, Can > 0 with the following property.

Let (u, V) be a section and connection on the trivial line bundle C x R?> — R? that satisfy:
(i) *d ((|Z—|)*(d9)) =2 Zszl Ox, for a collection of points {xk}g'l c R? counted with multiplic-
ity.
(ii) E(u,V) — 22N < U[Q\’N,

(iii) A"Yug| < |u| < Alug| for some N-vortex solution (ug, Vo) with {xk}|k1\=]|1 as the zero set

(counted with multiplicity).

Then:
|||u| - |u0|||%2(R2) + ”FV - FV()”%Q(RQ) < CA,N [E(u5 V) - 27TN] .

We divide the proof of this theorem to two parts. In the first part we deal with estimates near
the vortex set and in the second part we combine these estimates with uniform elliptic estimates

far from the vortex set.
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7.1 COMPACTNESS ESTIMATES NEAR THE VORTEX SET

This section contains the main ingredients of the proof, which are weighted inequalities near the

vortex set, in the following proposition:

Proposition 7.1.1. For any constant A > 0, radius R > 0 and integer N € N there exists a constant
Carn > 0 with the following property. For any function h € C®(Bg), one-form B € C®(A' Bg)

and weight o such that
w(x) = H?;I1|x — xi| forx1,...,xy € Bg counted with multiplicity for1 <M < N,
we have the following inequality:

/ w?|h|? scA,R,N/ w?| % dh+ B|? +| x dB + V(x)h|?,

Br Bg
provided that 0 < V(x) < Aw(x) Ly,

Proof. Here we implicitly use the fact that all positive powers of w as above are admissible weights
for Definition 4.0.1. Note that for any weight v (x) = Hfillx — x;|% with a; > 0 the condition

Definition 4.0.1 is satisfied. For any ¢ € C(R?)
M
/ w?Alog(w)¢ = / w(x) Z ailNlog |x — xi|¢
R? R? i=1
M M
= 271'/ w(x) ) by, =21 ) ajo(x;)p(x;)) =0.
5 Zl ¢ Zl $

The last line follows from w(x;) = 0 if a; > 0.
Now we divide the rest of the proof into 5 steps:

Step 1.| We argue by contradiction. Assume there is a sequence {hy, By, w, Vi };, satisfying
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the assumptions such that:

/ W2lhl? =1,
Br

57 :/ w?| * dhy + Bi|* + | % dBy + Ve (x)h|* = 0as k — oo.
Br

Now by Lemma 3.0.1 we write the standard Hodge decomposition and the weighted Hodge decom-

position for the one-form By:
By = *dpy + dgi and wi By = *widog + o 'dfi, (7.1)

where a)lzldfk € L2(R?), qi, g € W01’2(BR) and py € WOZ’Q(BR); since Apy = dBy € L?(Bg).

Now we rewrite 513 using (7.1) and Stokes theorem to see that:

57 :/ wZ|d(hy + k) |2 + 0 2 dfil® + |1 Apk + Vie(x) el (7.2)
Bg

Notice that the term dq has disappeared from the expression and this is consistent with the
gauge invariance.

By (ii) in Lemma 3.0.1 for any ¢ > ( we estimate:

2

o
/ w£+2€|d(0k —Pk)|2 < CR,N€_2/ wlz2|dﬁ<|2 < CR,N—S. (7.3)
Bg Br ¢

1+e

Our goal is to use (7.2) to find uniform W2 upper bounds on Wy

vk (for small enough ¢ > 0)
and a uniform non-zero lower bound on its L2 norm to arrive at a contradiction.

In this step we find a lower bound for the L? norm of wltan hi. First we show that

there exists a positive constant Cgxy > 0 such that for any ¢ < % we have the point-wise bound:

0f < Can (07 + ldor o) & oF (1+1dlog(@0)]?) = Cax., (7.4)
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for weights wy as in the statement of this proposition. Arguing by contradiction, since wis form

a compact family, (7.4) fails if and only if for some {y; }j‘;l € B we have:
lim o (y;) (1+ ld log ax(y)I?) = 0.

We can see by compactness that there exists some y € Bg such that wzf(y) (1+]dlog wr(y)|?) =0,
meaning also that wi(y) = 0; now since the vanishing order at zeros of w; with at most N roots
is less than eéN < 1, we can see that w; vanishes slower than |d log(wi)| ~ O(]x - |71); hence

(7.4) follows. Then we can estimate:

1:/ 2| h 2 scR,N/ (w,§+2f+|dwk|2w,§f) I |2 gcR,N/ ©2 2| dhy 2.
Br Br Br

1+e

In the last inequality we used Theorem 3.1.1 with the weight w, ™.

In the rest of the proof we fix

In this step we show that w !+ is also lower bounded in L2. We use (7.3) to see:

/ w0t |dhi|* < Cr (5,3+ / w,§+2€|duk|2)
Bgr Br

2 (7.5)
O 2+2 2
<CrN | +/ W |dpil7] -
& Bg
Now by standard elliptic estimates we have that for p € WOQ’2 (BgR):
[ ot idpl? < cox [ lapil
b b (7.6)

< CR,N/ |Apel? < Crn (5;3 +/ Vk2|hk|2) :
Br Br
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1
Then by the point-wise bound V(x) < Aa);+N we get that:

[ vEm < Cua [ o2 < Cra [ o (1P 4 fo+ il
Bgr Bgr Br

1+e

By Poincaré inequality and Theorem 3.1.1 with the weight v, ™, we get that:

2+42¢ 2 1+¢ 2 2
/ Wy |Uk + hk| < CR/ d (a)k (Z)k + hk))‘ < CR,N,A5k .
BR BR

Noting that ¢ = %, we get the following lower bound:

CrNA < / w0 ¥ ok |, (7.7)
Br

provided that k is large enough.
In this step we find uniform upper bounds on the W2 (Bg) norm of wl*aN vk. For this

we apply Theorem 3.1.1 with a);“ , the inequality (7.3) and standard elliptic estimates as follows:

1 2 2+2 2 2 2+2 2
||a)k+60k” 1,2 < Cr || <" |do ]| < Crn 5k + a)k+ “|dprl
WO (Br) Br Bg

< CrN (5]3 +/ |Apk|2) < CrN (5,% +/ Vk2|hk|2)
Bgr Bg

2 2 2
< CARN (5k +/ wklhkl ) < CARN -
Br

We also bound the weighted Sobolev norms of hg, py and fi:

-1 2 2 2 2
||wk dﬁ(”LZ(BR) S 5k s ||Pk||W022(BR) S CR,N,A and ”a)khk”LQ(BR) S CR,N,A-
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Using Theorem 3.1.1 with wy we also estimate wyo:

foxonls sy <2 [ w,f(|hk|2+|ok+hk|2)scR(1+ 1d (o (hic+ 00))
Bgr Br

< Cx (1 +/ 2|dhy +d0k|2) < Cr(146%) < Cr.
Br

In this last step we finish the compactness argument. By the compact embedding Wol’2 (BRr) =
L*(Bg), Banach-Alaoglu and Rellich-Kondrachov theorem we can extract a sub-sequence k; with

SOME oo, foos Poos Weo SUCh that:

1+ 1+ : 2
o ‘O, ™ 05 v strongly in L7(Bg),

Pr; = Poo strongly in Wol’2 (Bgr),
Wk;Vk; — Wooloo weakly in L?(Bg),

) a),;jldfkj — wildfe, weakly in L?2(Bg),

Wi hk;, = oohoo weakly in L?(Bg),
Wk, = Ooo in CK(Bg) forallk > 0,
Vi, = Voo weakly, in duality with L' (Bg) .

Since &; — 0 vanishes in the limit. By lower semi-continuity and (7.3)

foo =0 and pe = goo = —A0s + Vo (X)ve = 0 in the sense of distributions.

Finally we test by v and use Voo (x) > 0 to get that du,, = 0. Since v vanishes on the boundary

then v, = 0, but this contradicts (7.7) which concludes the proof. O

Corollary 7.1.2. As a consequence of the estimates in Proposition 7.1.1 we also get that there exists
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1.
a constant Cogr N such that for any 0 < & < :

C
/w2+2€|dh|2s A”;’N/ w?| % dh+B[* + | x dB+V(x)h|?.
Bgr € Br

Proof. The above inequality follows immediately from applying the conclusion of Proposition 7.1.1

to the estimate (7.5) and (7.6). O

7.2 COMBINING NEAR AND FAR ESTIMATES

In this section we combine local weighted estimates near the vortex set and uniform elliptic
estimates far from the vortex set with a concentration compactness type argument. Roughly
speaking, we show that the discrepancy cannot concentrate in an intermediate annulus around

the vortex set. This allows us to glue the near and far estimates:

Proof of Theorem 7.0.1. Using the first assumption we can gauge fix (u, V) in such a way that u

and ug have the same phase almost everywhere; precisely:

(u, V) = (uy,V —iy*(df)) where y = ﬂ(l)_1 )
luo| " [ul

Note that d(y*(d0)) = d((%)*(d@)) - d((|Z—|)*(d9)) = () since u and ug have the same zero set,
counted with multiplicity. Then we can write the discrepancy as:

1—r2|2

E(re,A) — 27N = / r?| xdlog(r) + A —dO|? + | x dA —
R2

2h

_]_l2

:/ r2| % dh+B| + | x dB + r3~ :
R2 2

where h = log (%) and B = A — Ag. By the third assumption we have the bound |||l o (r2) <
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log(A) which also means 62}12_1 is comparable with h:

1- A2 e?h — 1 A? -1
< < :
2log A 2h 2log A

SO we can write:

E(re,A) — 27N > /

A%r2| x dh+B|? + | % dB + V(x)h|?,
RQ

for some positive potential (;{f‘;\) rg (x) < V(x) < (2’\1(2);[&) r(2) (x). Now by Proposition 6.2.1

we know that ry behaves like the weights defined in Proposition 7.1.1; since h is not necessarily
compactly supported, in order to apply the estimates Proposition 7.1.1, we use a concentration

compactness type argument. Our goal is to prove that there exists a constant Cx 5 > 0 such that:
/ rélh)? < cA,N/ rd] % dh+B|* + | % dB+ V(x)h|*. (7.1)
R2 R2

Arguing by contradiction, there exists a sequence {ryx, hx, B, Vk}]‘f’:1 such that:

2 2
/2r0k|hk| =1,
R

’7]% =/ rgkl *dhk+Bk|2+ | *dBk+Vk(x)hk|2 —0ask — 0.
R2

Now by Proposition 6.2.1 (applied for each k) there exists M balls B, , (zx,1), . . s B, (zp,) for
some My < N such that C;]1 < prj < Cnand {rpx < fi} C U;VilePk,j (zx,;) for some %1 < fBr < %

and By, ; (zk,1) N Bay, ;(2zx,j) = O forall 1 <i < j < M. Now take ¢, Yk and yj to be three smooth
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cut-off functions on R? defined as follows:

¢r =0 onR? U?i"l Bap,.; (2kj)
$=1 on Uﬁ\ikl B(1+§)pk’j (Zk,j);
Yr=0 on U?ﬁcl B(1+%)pk,j (Zk,j):
Y =1 onR?\ U?ikl B(1.2)p, ,(2k1)

Xk = 0 on RQ\ U?ikl (B2pk’j (Zk,j)\B,Dk,j (Zk,j)) >

M,
Xe=1 on szkl (B(1+§)pk,j (Zk,j)\B(H%)ka (Zk,j)),

. . o o o N o o _1
with the point-wise estimate |d¢y| + |dk| + |[dyx| < Cn. Note that this is possible since C;' <

pk,j < Cn. Then there exists e; € L%(R%;R?) and ey € L?(R?; R) such that:

“Ahy + Vi(x)hy = — = (f—lk) +ey, (7.2)
0]

2 2 2
lenlZ e, + leallZ2 uay = 17

We test (7.2) with Y hg, apply Young’s inequality and use the estimates on ry in Proposition 6.2.1

inside the annulus By, \B,, (2 ;) to see that

hil? + |dhel? < Cy(n? + / ), (73)
By A
M My
where B; = R?\ U Bi142y,, (zr;) and Ay = U (B(1+§)pk,j\B(1+§)pk,j (zkj)) -
P Pt

Now we apply Proposition 7.1.1 and Proposition 6.2.1 to ¢y h, ¢i Bk, together with C/_\lrgk <V <
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CArgk; then we collect the boundary terms using the bound |d¢@y| < Cy to see that:

/BC roclhel* < Can /R2 roel * d(Gihi) + ($Bi)|* + | d($iBr) + Vie(x) (Pehi) |

k

< Can(n2+ / 2 + [dhi?) <) Can(n? + / 2.
By A

Then we add the estimate above to (7.3) to see the lower bound:

V= [ il < oantrie [ ).
R2 Ak

So we get that for large enough k, for a possibly different constant:

/ |hk|2 > CA,N > 0.
A

Finally testing (7.2) with yihy we get that:

/ [l + [dhel? < Can . 74
Ax

Notice that by definition Ay = UjA/i"l (B1 “D)oe, \B1, L oy (2K, ;)) is a disjoint union of My < N

annuli so we get that there is at least one annulus in which the energy is concentrating:

2 a1, —
Lko |hk | > Can where Ay = B(1+%)pk,j0 \B(1+%)Pk,j0 (2 jo ) - (7.5)

Then we use Corollary 7.1.2, Theorem 3.1.1 and similar computations in the preceding paragraphs

to get uniform bounds as follows:

1+

1
7y ¥ el < CAN- (7.6)

WL2(R2)
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Note that if the right hand side of (7.1) is zero we get that —Ah + V(x)h = 0. Testing with h and
integrating by parts we get that h = 0. From the uniform bounds (7.4) and (7.6) we get that there

exists a sub-sequence (not relabeled) such that:

1
~1+W

Py 2V b — 0 weakly in H'(R?),

ﬁk — 0 strongly in L? (Bl+% \Bl+%) )
I Itk
where 7, *" h(x) =, " hi(p jox + 2k jo) -
This contradicts the lower bound (7.5) on the annulus Ay and we conclude. |

Proof of Theorem 5.1.2. We apply Corollary 7.1.2 combined with the estimate (7.3) on each annulus

and conclude the proof. m]

7.3 STABILITY OF THE JACOBIAN
Recall the definition of the Yang-Mills-Higgs Jacobian:
J(u, V) =¥ (u) + o(1 - |ul?) where ¥(u)(j, k) = 2(V,u, iVy,u),
for 1 < j, k < 2. Here w is the real curvature two-form associated to Fy. Note that the definition

of the Yang-Mills-Higgs Jacobian is gauge invariant. We recall the statement of Theorem 5.1.3:

Theorem. For any N € N and A > 1 there exists Cp n,nan > O with the following properties. Let

(u, V) € Wlif (R?) be a section and connection on the trivial line bundle R? X C such that

(i) *d ((h’j—|)*(d9)) =2 lejzl Oy, for a collection of points {xk}kl\fz1 c R? (counted with multi-

plicity).

(i) E(u,V) = 27N <13 .
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(iii) At ug| < |ul < Alug| for some N-vortex solution (ug, Vo) with {xk} as the zero set

(counted with multiplicity).

Then we have the following estimate:

[, U9 = 10, 90)l < CoyVEG@ %)~ 22INT.

Proof. Recall the estimate of Theorem 5.1.2 for any 0 < ¢ < %

2+2¢
U

Note that we can write the Jacobian in a gauge invariant way. Using (i) we can gauge fix as in

|A - Ag|? +

il ( |ul )r CA|N|
og|— < [E(u, V) — 27|N]] ,
|uo| e2

the proof of Theorem 7.0.1 such that u = re’® and uy = roe’ have the same phase. Then we can

rewrite the Yang-Mills-Higgs Jacobian as follows:
Jw, V) = (1 -r?)dA - 2rdr A (A —d0).
To estimate the difference, we see that:

/ (V) = J (o, V)| < / (1= 2)dA - (1 - r2)dA|
R2 R2

+ |2rdr A (A —dO) — 2rodrg A (Ag —dO)| =T+11.
RQ
We use Theorem 7.0.1 and estimate the first term:

Is/ |(1—r2)dA—(1—r§)dAo|
R2

1

2
/|r2—rg|2] [/ |dA|2
R2 R2

< CanVE(w, V) - 27|N] .

o [ oa-one]
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Then for the second term we proceed as follows:

II < |rdr A (A —d0) — rodrg A (Ag — dO)|
R2

1 1
3 2
/ rot 2 |rdr — Fodr0|2] [/ rg % 1Ao - d9|2] (7.1)
R2 R2

1

2 2
/r§+2€|A—AO|Q] l/ r62£|dr0|2] )
R2 R2

Take % <e< I\l] and estimate as follows:

<Cx

+Cx

/nge_erdr — rodro|? =
R

— ‘/R2 rgg_z |r2dlog(r) - r(2)dlog(r0)|2

R (7.2)
< CA/ ra*? |dlog (—)
R2 ro

+ r’gg_2|dlog(r0)|2(r2 - rg)2
2e+2 2
< Cany [E(u, V) = 27|N|] + Cp /2 o “ldlog(ro)]
R

log (L)
1o

2

In the last line we used assumption (iii) to see that

_ r r r
ot (21 <112
ro ro ro

Now let {B), (zk)}z’lz , be the covering constructed in Proposition 6.2.1 and let wy the associated

weights. Then locally we have:

ldlog (ro) — dlog (i) llz=(8,,, (z)) < CN -

Moreover take smooth indicators ¢y for B, (z) such that ¢ = 1 on B, (z;) and zero outside
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Bap, (zx) with |ddi| < Cn; we see that the last term in (7.2) is bounded as follows:

log (L)
ro

2

[ rieatostor

2 M
<oy, [ gl rldlosool)
k=178

2pp (Zk)

F2
+CN.A |log {—| |
R2\ UM, B, (z) ro

Then we use Theorem 3.1.1 with w,%”f and Poincaré inequality for the first sum in the above

log (L)
ro

display to see that:

2

14
I 0

< Cna [E(u, V) = 27|N|] .

M
Y[ sercidog@ol)
k=1 B2pk (Zk)

M

< Cna Z /
k=1 B2pk (2x)
M

<Cya Z / ¢Iz w£+25
k=178

ka (Zk)

2 2
+¢eld(w ")

1+¢ r
(ZS 1 —

2
dlog (—)
ro

Here the last line follows by Corollary 7.1.2 (or Theorem 5.1.2). We then use (7.3) to bound

log(r/ro) on R?\ UL, B, (z¢) and see that:

log (L)
ro

Using the above display we can bound (7.2) as follows:

2

[ reatos o < Coon [, 9) - 27IN]]

/2 rg€'2|rdr — rodro|® < Can [E(w, V) - 27|N][] .
R

Now all that remains is to bound the second term of (7.2). Notice that if ¢ < % the term r;% is

0

|2—5

comparable to |x — p|*~° around any vortex point p for some § > 0. This means that it is locally
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integrable, hence

/2 rg%|drol® < Cne -
R

Here we used that the integral of |drg|? is bounded on the whole domain. Now we use the esti-

mates on the connection in Theorem 5.1.2 to see that for ¢ = %:

II < CAnVE(u, V) — 27|N] .

This is indeed the desired conclusion. m]
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Chapter 8

A selection principle and the proof of

stability

The main goal of this section is to drop the first and the third assumption in Theorem 7.0.1. We
prove that for any (v, V) € Wli’f(RQ) that nearly minimizes the energy, we can select another
pair (i, V) close enough to (u, V) that satisfies the assumptions of Theorem 7.0.1. We do this by
inductively replacing (u, V) with a minima of the penalized functional (8.1) (proof of existence
in Lemma 8.1.1). In each iteration while staying close to the original (u, V) we gain at least one
derivative of regularity (proof of regularity in Lemma 8.2.1). Then using Lemma A.0.1 (smooth

perturbation of complex polynomials) we show that after finitely many steps the new pair (i, V)

satisfies the assumptions of Theorem 7.0.1.

Theorem 8.0.1. There exists constants Cn, AN > 0 with the property that for any N-vortex section
and connection (u, V) with finite energy E(u, V) = 27|N| + n? there exists another N -vortex section

and connection (i1, V) such that:
. <12 2 2
(l) ||u - u”LQ(RQ) + ||FV - Fv”LQ(RQ) < CN’? s
(ii) AJ‘V1|u0| < |a| < Anluo| for some N-vortex solution (ug, Vo) to the vortex equations (6.4),
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(iii) 27N < E(4, V) < E(u, V),
provided that n is small enough.

To prove Theorem 8.0.1 we use a penalized energy to find a selection principle:
Guv)(u1, V1) = E(u1, V1) + [Jug - u||%2(R2) +[|A _A||E2(R2) : (8.1)
This energy also enjoys the coupled gauge invariance
(w, V) > (ue’, A+ dé) and (u1,Vy) — (u1€”, Ay + dé),

for any smooth compactly supported function & € C:°(R?). Note that both pairs have to be gauge

transformed with the same function.

8.1 EXISTENCE

We first prove the existence of a minimizer of (8.1) via the direct method of the calculus of varia-

tions:

Lemma 8.1.1. For any N-vortex section and connection (u, V) with E(u, V) = 27N + 172, the penal-

ized energy G, v) (8.1) achieves its minimum for some N-vortex pair (u1, V1) € Wl})f (R?).

Proof. We have the lower bound:
Gwv)(u1, V1) 2 E(u1, V1) 2 27N .
Hence there exists an N-vortex sequence (v;, V;) realizing the infimum of (8.1):

lim G (0, V)= inf G (u,Vi).
J—e0 (u1,V1)eW,”
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Let Q be any bounded smooth simply connected domain. By the gauge invariance of (8.1), we
can gauge fix (v;, V;) — (wj, B;) in the Coulomb gauge such that B; is divergence free d*B; = 0
inside the domain Q and its normal component vanishes 1,B; = 0 on the boundary 0Q. By Gaffney

inequalities (see [50, Theorem 4.8]) and a compactness argument we can bound:

||Bj||%‘/1,2(9) < CQ”dB]”%Q(Q) < CQ,N .

By the global Sobolev embedding W'2(R?) <, L*(R?) we get the following bounds:

2 2 2
Iilsaqay = [ 1wl + 1w

< Co (1+\//(1— |wj|2)2)+c/ |dw; — iw;B;|* + |w;B;|*
Q Q

< Con + C||Wij||%z(Q) < Con + C||Wj||§4(9)||Bj||%4(Q)

< CQ,N + C”Wj||3V12(Q)”B]”3V12(Q) = CQ,N .

Then we can find a sub-sequence (wj, B;) (not necessarily relabeled) and a limit section and con-
nection (u1, V) € Wl(l)f such that after gauge fixing (u;, A1) in the Coulomb gauge in Q we get

that:
(wj, Bj) = (u1,A1) weakly in Wl})’f(R2) )

We need to show that (u, V1) is also an N-vortex pair. First observe that (u, V) is a competitor

with energy G(,v)(u, V) = 27N + n?; by lower semi-continuity we get that:
”ul - u”%Z(RQ) S hJH_l>g;1f ||U] - ullEQ(RZ) S ’72 N
In particular the difference is bounded in L2. Now consider a smooth kernel ¢ and let the -
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rescaled version to be ¢, = %(/’)(’—;) Then consider the mollified functions u * ¢, and u; * ¢,.. By
the embedding Wl(1)c2 (R%) — VMO, (R?), where VMO, is the space of functions with locally

vanishing mean oscillation, we can see that:

u*ngE—>uandu1*¢g—>u1inBMOﬂL1 (Br) ase — 0.

loc

By [14, Property 2 in Chapter I1.2] we can see that for small enough ¢ the degree of u * ¢, and

uy * ¢, is equal to the degree of u and u;, respectively. Now we can estimate for fixed ¢:

i Ige = (u = w1)llcora\py) < Hm e M lu - wrllp2(r2\gy) = 0.
Hence for all R large enough, the degree of ¢, * u coincides with ¢, * u; and we can conclude that
(u1, V1) is indeed an N-vortex pair. O

Remark 8.1.2. Without loss of generality we may assume |u| < 3, precisely: For any (u, V) with

n > 0 small enough, we can find another section u; such that |u;| < 3 and:
||u — u1||%2(R2) < Cp?and E(u1,V) < E(u, V),

for some universal constant C.

Proof. Identifying u = re’ and V : d — iA, consider the super level set {r > 2}. From the energy

bound we can see that:

|{r22}|+/ |dr]? < Cn .
{r>2}

Similar to the proof of Lemma 6.1.1, using the coarea formula and the mean value theorem we
can find 2 < B < 3 such that H! (3{r > B}) < Cy. Since perimeter bounds diameter, {r > f} is

made of a collection of bounded simply connected domains. Now we unwrap the discrepancy in
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this domain (with the Bogomolny trick, for more details see Lemma 6.1.1):

1—r2|2

n? 2/ | % dr+r(A—dO)|? +|xdA -
{r=p}

(1-r?)?

7 —d(do)(1-r?).

:/ |dr|? + r?|A — dO)? + |dA]? +
{r=p}
Note that d(df) = 0 away from {r = 0}, hence we can see that:
1= 2\2
/ a-r) <n?. (8.1)
rzpp 4
Since (1 —r2)?2 > 9 on {r > 8} hence (8.1) tells us that:
{r=pY <n.

Now we define u;:

u on {|u| < 3},

ul
3%

Jul

on {|u| > 3}.

We estimate the energy difference:

2\2
_ 122 _ 64
E(w,V) — E(uy, V) = / ldr|2 + (P2 — 9)|A — d|% + |dA|® + % >
{r=3}

and the difference of sections using (8.1):

lu-wl = [ -uP<clrzsiec [ R<op
{r=3} {r>3}
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where the last inequality followed from

)
/ r’<C / a=r) < Cp?.
(r=3) (=30 4

This indeed gives us the desired conclusion. m]

8.2 REGULARITY

In this section we derive regularity estimates for minimizers of the penalized functional (8.1):

Lemma 8.2.1. Let (u, V) be a section and connection with finite energy E(u, V) = 22N + n?, with
small enough n > 0 and |u| < 3. Moreover let (u1, V1) be a minimizer of (8.1). Then for any

0 < a < 1 we have the regularity estimates below:
(D) llurllcra(q) + [A1llcre(q) < CoNas

(i) llutllcrsra(qy + 1ALl ckera(q) < Conka(ltllcra(q) + [Allcra(q) + 1),

for all k > 1 and any domain Q where both (u1, A1), (u, A) are independently measured in the

Coulomb gauge in a slightly bigger domain U D Q.

Proof. We inspire from the strategy in [62, Appendix]. However since we are in two dimensions,
the embedding W2?(R?) < C*(R?) greatly simplifies the proof.

For any open bounded smooth domain Q we take three bigger domains Q@ € Q; € Qg C Q3.
Then we gauge fix (u1, A1) in Q3 in the Coulomb gauge such that d*A; = 0 inside Q3 and A (v) =

0 on 9U. Now the Euler Lagrange equations for minimizers of (8.1) are as follows:

1
Auy = 2(iduy, Ay) + | Ay |Puy — 5(1 — lur®)us + (ug — u), (8.1)

AgAq = (du1 — iu1Aq, iul) +A; —A. (8.2)

84



Here Ay is the Laplace Beltrami operator for one-forms. The Euler Lagrange equations for the

difference in gauge is as follows:
d"A = (u,iuy) . (8.3)
By Gaffney type inequalities in [50] we estimate:
lA1llwi2(aq) < ClldA1llz2(0,) < CN-
The Euler-Lagrange equation for |u1|? is as follows:
Aghal? = Vi = S0 = aPla + s = G 6.9

We apply the maximum principle for (8.4) and the bound |u| < 3 to deduce that |u;| < max (|u], 1) <

3. Then by (8.2) we get that:

A1 llw22(0,) < CNs.05 -

Now by the Sobolev embedding W22 (R?) c C*(R?) forany 0 < & < 1 and W22(R?) c W'?(R?)

for all 1 < p < co we estimate that:

”A].”C”‘(QQ) < CO(,N,QQ,Qg and ||A1||W1’P(Qg) < Cp,N,Qg,Q3 .

Then we use this pointwise bound with (8.1) to see that Au; is bounded in L2. By standard elliptic

estimates we get that:

lurllwzz(a,) < Cn01.00.05 = lluillce(Q)) < Ca01,00,04 -
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We use the embedding W2?(R?) ¢ WP (R?) again to see that:

”ul”WLP(Ql) < ON01,00.05 -

Then by (8.1) and (8.2) we get that Au; and AgA; are both bounded in L? for all 1 < p < oo, so

we can improve the W2? estimates to W2? as follows:

llutllwere(q) + 1A1llwzr(q) < Cnap -

From the embedding W??(R?) c C**(R?) forp > 2and o = 1 - % we get Holder estimates as

follows:
lurllcre(a) + 1A1llcreq) < Cane - (8.5)
To gain higher regularity estimates consider the Hodge decomposition of A in U:
A=dp+ A,

Where (u/, A’) is in the Coulomb gauge, precisely d*A” = 0 in Q9 and A’(v) = 0 on the boundary

0Q5. Then we rewrite the system of equations (8.1) to (8.3) using this decomposition:
: 2 1 2 ip. 1
Auy = 2(iduy, Ar) + |A1[*ur — 5(1 = lu[Dur + (w1 — €u'),
AgAq = (du1 — iu1Aq, iul) + A — A - dgb s (8-6)

Ap = (u1 — e’ iu) .

We gain higher regularity estimates with standard iteration arguments in intermediate domains
starting from the apriori estaimtes (8.5) and Schauder estimates for the system of equations (8.6).

O
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Proof of Theorem 8.0.1. Take any section and connection (u, V) with energy E(u, V) = 27N + n?
with small enough 1 > 0. First using Remark 8.1.2 we may assume |u| < 3, without loss of gener-
ality. Then we replace (u, V) with a minimizer of the penalized energy G(,v) in (8.1) (existence
provided by Lemma 8.1.1). In fact we repeat this process N times. Then from Lemma 8.2.1 we use
the regularity estimate (i) at the first step and (ii) inductively after the second step. We end up
with a new N-vortex section and connection (i, V) with the following estimates for some fixed

O<a<l1:

= @l 7 g2, + [E@ V) = 22N] < n?,

lalleveq) + ||A||CN,Q(Q) <CoNa> -

for any smooth connected open domain Q where (i, A) is measured in the Coulomb gauge in a

slightly bigger domain ((u, V) is also simultaneously gauge transformed). Now we consider the

sublevel set Q1 = {|u| < %} and its disjoint connected components UI‘Z"_lQﬁ = Q1. We start with
2 - bl 2

the perturbed vortex equations for |u|:

1—|al? i

2

el
|ul

Alog(|ul) + )+ ez,

= %d (( — )*(d@)) + =(
|l

2 2 2
||el||L2(R2) + ||e2||L2(R2) < n.

We test this equation with (i — |i|?)* and estimate for each component QF:
2

1 N N
195 N {la] < Z}l +/ \d|a||* < Cdeg(it, Q%) + Cn*.
2 Ok 2

1

2

First notice that for all k € N the degree deg(i, Q%) > 0 is positive (provided 7 is small enough).
2
Then consider the set Iy ¢ N of indices k where # has zero rotation number around Q% and I ¢ N
3

the components with positive rotation number. By mean value theorem there exists a % <p<i
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such that:

Zwl(aﬂm <prnak) < cZ [Z H (a{]a| <t} n QF)dt.

kely kelp 8

Then by the coarea formula and then Young’s inequality we get that:

Yol <praehy<cy [ il <o
2 {lal<pynely
2

kel kel

where we also used the measure estimates on QX for k € Iy. Since for connected sets, perimeter
2

bounds diameter, by a Vitali covering argument we find disjoint balls B, (xx) for k € Iy such that:

2 ~

Z pr < Cn” and Ukely Q]i N{lal < B} c UkeIOBpk (xk) -

kGIO 2
Moreover we get that % < |u| £ 3 on Uger, 0B, (xx). Then by Lipschitz bounds and diameter
estimates we can clear out the set as follows; note that % < |u|l £ 3 on the boundary of the
balls with zero degree, namely Ugef, 9B, (xx) and |d|u|| < Cn. However since these balls have
small diameter, precisely Y.cj, px < Cnn?, we see that necessarily |i| > 1—16 inside Ugeg, By, (xk)
(provided 7 is small enough). Then for the connected components with positive rotation number

we can find balls B, (x;) for k € I with |[I| < N such that:
IIkIaIka < Cn and U QX N {la] < B} C UkerBy, (xx) and |I] < N
€ 2

Then for each k € I consider (u1, A1) with uniform local CN'# estimates. Arguing by contradiction
and Arzela-Ascolli, we deduce that for small enough discrepancy > 0 the section u; is locally a

CN perturbation of a solution to the vortex equations (6.4):

u(z) = up(z) + R(z) for z € UperB, (xi) such that ||R||CN(Uk€IBpk(xk)) <&,
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where ¢, vanishes as n — 0. By Proposition 6.2.1 and [74] we know that solutions are locally, up
to a smooth change of gauge, complex polynomials multiplied by an analytic nonzero function.
More precisely there exists an analytic function A;,l < ¢g(z) < Ay uniformly bounded away from
zero and uniform CN bounds only depending on N such that:

u(z)

—:Hﬁl(z—ak)+

9(z)

R(z2)
9(2)

for z € UgerBp, (xk) -

Finally we are in a position to apply Lemma A.0.1 and conclude that (i, A) satisfies the assump-

tions of Theorem 7.0.1. m|

8.3 PROOF OF STABILITY IN R2

Here we prove the stability in its general form:

Proof of Theorem 5.1.1. By Theorem 8.0.1 we find (i, A) satisfying the regularity assumptions of

Theorem 7.0.1 for some (ug, Vp). Then we apply Theorem 7.0.1 and estimate:

= wollZ2gy < 2llu = @2 o) + 20 = uollZ2 gy < Cn® and

|Fy - Fvolliz(Rz) < 2||Fy - Fﬁll%g(Rz) +2||Fg — Fvollig(Rz) < O,

and we conclude with the proof. O
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8.4 'THE POWER 2 IS OPTIMAL
One may perturb any N-vortex solution (ug, Vo) with a smooth real valued function h € C°(R?)
to see that:

e2h — 1

Bluneh, Vo) 22N = [ o dhf + ol =P

We can choose h to be a mollified indicator function of a ball Bg(x) sufficiently far from the vortex

set (as in Proposition 6.2.1) to see that:

E(upe™, Vo) — 27N > CR? > C||h||§2(R2)

h 2 : h 2
> — > _
2 Clluoe” ~uollp2ge) 2 € 1in_lluoe” —ullp>ge) -
Taking R — 0 we see that there exists a sequence {(u, Vi)},2

> 0.

E(ux, Vi) — 27N
E(uk, Vi) — 27N and lim — (o ) — 27 2
k—oo MIN (0 Vy)eF ||UO - uk”Lz(RQ)

Hence we can see that the power 2 may not be improved.
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Chapter 9

Stability for compact surfaces

In this section we show that the methods above can be adapted to obtain stability for nontrivial
line bundles over compact Riemannian surfaces. The proofs are mostly unchanged with slight
modifications. Let (M, g) be a smooth Riemann surface and let L — M be a nontrivial Hermitian

line bundle over M. Using a Stokes theorem, we have that for any section and connection (u, V):

1— 2
E(u, V) :27r|deg(L)|+/ |Valu+iV32u|2+|*a)— lul 12| . (9.1)
M
Naturally, the vortex equations take the same form:
. 1 Jul?
Vou+iVoyu=0and xw = 5 (9.2)

Where o is the real two-form associated to Fy. Integrating the second equation over M we see

that:

1
|deg(L)| < 4—V01(M).
T
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In [41] Garcia-Prada proves if the condition above is satisfied, once we prescribe the zero set
(counted with multiplicity), the solution is unique and smooth. We now recall the statement of

Theorem 5.2.1:

Theorem. Let M be a smooth compact Riemannian surface and L — M a Hermitian line bundle
over M with 0 < deg(L) < ﬁvol(M). Then there exists a constant Cy; > 0 depending only on
M, with the following property: Let (u,V) € W42(M) be a section and connection on L such that

E(u, V) —2r deg(L) is small enough, then:

: _ 2 _ 2 _
amin =l + I1Fe = Pyl < Cu [EGeY) — 27 deg(L)]

where ¥ is the family all minimizers of the Yang-Mills-Higgs energy on L — M.

Remark. Before diving into the proof, note that on compact surfaces the Sobolev space W2(M)

embeds into the space of functions of vanishing mean oscillation VMO(M), hence the degree is

well defined.

9.1 PRELIMINARY ESTIMATES ON SOLUTIONS

Here we prove some facts about solutions of the vortex equations on smooth compact surfaces.

First using the vortex equations, we can see that
1 2 o L 9 2
SAluol” = [Vouol|” — s luol“(1 — luol”)
2 2
and by an application of the maximum principle, since M is compact, we can see that |u| < 1 on

M.

Proposition 9.1.1. For any compact smooth Riemann surface (M, g) there exists small constants

e, v > 0 and a constant Cyy > 1 depending on M with the following property. Let L — M be a
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Hermitian line bundle on M with 0 < deg(L) < ﬁvol(M) and (ug, Vo) be a solution to the vortex
equations (6.4) with the prescribed zero set x1, . . ., Xdeg(1) € M counted with multiplicity. Then there

exists a geodesic ball B,(xo) such that:
(i) lugl = Bar > 0 on Byy(xp) withey < p < 2cpy,

(ii) C&lw < |ug| £ Cypw, where w(x) = Hgi%u)d(x, Xk)

(iii) All geodesic balls of radius less than 2cy; are uniformly bi-Lipschitz to euclidean balls of com-

parable radius.
Here d(x,y) is the geodesic distance between x,y on M.

Proof. The proof is essentially the same as Proposition 6.2.1 with some modifications in the case

of compact surfaces. First notice that the modulus ry = |ug| satisfies a similar equation:

deg(L)

1
—Ag4log(ro) + §(r8 -1)=- Z 276y, . (9.1)
k=1

Multiplying the above display by (5% — r§)+ and integrating by parts we see that:

1
/ |dro|® + =(1 - r2)(B* - r2) = 27* deg(L) .
{ro<p} 2

Now we take f); small enough and using the smooth coarea formula in the place of the euclidean
one, following the proof of (i) in Proposition 6.2.1 we can cover the vortex set {rg < fy} with
a collection of n < deg(L) geodesic balls {By(zx)}]_; with small enough radius o > 0; namely,
{ro < Bu} € Up_; Bo(2x). Now since n < deg(L) < ﬁvol(M), we can take o, fj; small enough
such that the complement contains a geodesic ball. Precisely, there exists a point xg and a radius
p > cp such that rg > By on B, (xp). This proves (i).

Now we prove part (ii) in each ball B,(z;). Consider the zeros of r¢ inside B;(z;) and name

them x1,. .., x,, (without loss of generality). Now consider the function @y (x) = H;li le_G"f )
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where G, (x) is the Green’s function for the ball By, (zx) centered on p. We see that:

Nk
—Aglog(w) = - Z Jyx, inside By (z) .
j=1

Subtracting the above display from (9.1) and using the maximum principle, we can see that
| log(%)HLm(Bg(zk)) < Cp. By [56, eq (1.1)] (see (3.5) and the paragraph after) we can see that oy
is locally comparable to H;i 1d (x,x;j). Then we put together this estimate for allk = 1,...,n and
use the global bound |up| < 1 together with compactness of M to obtain (ii).

Item (iii) simply follows by compactness and choosing c); small enough. m]

9.2 STABILITY FOR REGULAR PAIRS

The goal now is to prove the stability for regular enough pairs (analogous to Theorem 7.0.1), in

the following theorem:

Theorem 9.2.1. For any compact smooth Riemann surface (M, g) and A > 1 there existsnap, Cam >
0 with the following property: Let L — M be a Hermitian line bundle on M with 0 < deg(L) <

ﬁvol(M) and let (u, V) be a pair such that:
(i) *d((14)"(d0)) = 27 35 6.,
(ii)) E(u, V) — 2w deg(L) < ni’M,
(i) A uo| < |u] < Alugl,
where (ug, Vo) is the solution of the vortex equations (6.4) on L — M with the zero setx1, . . ., Xdeg(L) €

M (counted with multiplicity). Then:

Nlul = lu 112 gy + 1F7 = FogllZa 0y < Cant [E(u, V) = 27 deg(L)] -
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First we prove the analogous statement to Proposition 7.1.1. We need to subtract a geodesic
ball from the manifold, since the estimates of Part II only work on surfaces with boundary. More
precisely, there are no non-constant weights that satisfy Definition 4.0.1 on compact surfaces, so

the statements of Part I are empty on a compact manifold.

Proposition 9.2.2. Let (M, g) be a Riemannian surface. Then for any A > 1 and integer n > 0
there exists a constant Cy, s pr with the following property. Let « be a weight as in (3.5) with integer

powers. Precisely:
w =1II}_,d(x,x;) for a collection {xy};_, C M counted with multiplicity.

Moreover let B,(xo) be a geodesic ball with radius cpyy < p < 2cpy. Then for any compactly sup-
ported function h € C°(M\B,(xo)) and one-form B € CX(A\! M\B,(xq)) the following weighted

inequality holds:
/ w?|h|?* < cn,A,M/ [@? % dh+ B|* +| % dB+ V(x)h|*] ,
M\Bp(xO) M\B,(xo)

provided that 0 < V(x) < Aw(x)“%.

Proof. Since the estimates in Part II have universal constants and work on arbitrary surfaces
with boundary, we can apply the proof of Proposition 7.1.1 almost verbatim. The only difference
is that we also need to keep track of a sequence of geodesic balls B, (x«) subtracted from the
manifold. However since the radius is bounded above and below away from zero (cyr < pr < 2cp)
and the manifold M is compact, we can extract a sub-sequential limit to some M\B,_ (xo~) with

cm < po~ < 2cpr. The rest of the proof is unchanged. ]

In the rest of this subsection we work to patch the estimates of the subtracted ball to the rest

of the manifold and conclude the stability for regular enough pairs.
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Proof of Theorem 9.2.1. Up to conjugating u, assume that deg(L) > 0. Now observe that, after
identifying V : d — iA and u = re’” for some 6 : M — S! and one-form A € A'(M) the energy

has the following form:

7’2|2

r2| xdlog(r) + A—do|> + | x dA —

E(u,V) —2rdeg(L) = /
M

u _ uo
[ul — luol”

Then by the assumption (i) we can gauge fix such that namely u, ug have equal phase.

Then naming h = log(%) for rg = |ug| and B=A — Ag for Vg : d — iAg, we see that:

E(u,V)—Qﬂdeg(L):/ [r?| % dh+B|* +| % dB+V(x)h|*] ,
M

where V(x) = rg ‘32;:1. By assumption (iii) we can see that ||h|[z~) < log(A), hence Cxlrg <
V(x) < CArg. Now we proceed similar to the proof of Theorem 7.0.1. In fact, we prove that
as a consequence of Proposition 9.2.2 and the Poincaré inequality on small geodesic balls, the
discrepancy cannot concentrate on the subtracted ball. In fact we aim to prove that there exists

some constant Cy such that:

/r2|h|2 ch/ [r?| % dh+B|* + | % dB + V(x)h|?| .
M M

Arguing by contradiction, assume there is a sequence {r, h, Bi, Vi }}- | satisfying the assump-

tions, such that:

/r£|hk|2 -1,
M

,7,3:/ (721 % dhye + Bi” + | x dBy + Vi (x) e[| — 0.
M
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Defining e; = *dhy + By and e3 = *dBy + Vi (x)hy the above display takes the following form:

< Cng. (9.1)

_ €1 . 2 2
—Aghy + Vie(x) i = *d(a) + ez with lex]|72 + [leall2

Now take the geodesic ball B, (xx) as in (i) Proposition 9.1.1 and define the two cut-off functions

0 < Yk, ¢ < 1 as follows:

¢ =1 on By, j2(xx), Yr =1 on M\B,, j2(xx),

$r = 0on M\B,, (xx), (¥« =0on B, 3(xx),

ldgr| < Cp. |dyi| < Cu .

First we test (9.1) with ¢hy, integrate by parts and use the estimates for r, on B, (x) with

Young’s inequality to see that:

/ |hie|? + |dhe]® < Caran; +/ |he]? . (9.2)
Bpk/Q(xk)

Bpk (Xk)

Now we apply Proposition 9.2.2 for yhy, YxBx to see that (using assumption (iii) and (iii) in

Proposition 9.1.1):

/ re|hyl? s/ re|Yhl?
M\By, /2(xk) M\B,, /3(xk)

< Cma / [r2] % d(Yichi) + YicBrl® + | % d(YBi) + Vie (x) (Yichi) ||
M\B,y /3 ()

. +/ 2+ [y 2 . +/ ha?
By 2 (%) By, (xx)

Notice that on By, (x) we have rx > By > 0. Combining the above display with [|r¢hilp2a) = 1

< Cua <9.2) Cma
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we see that for large enough k:

/ |hk|2 > Cya > 0.
Bpk(xk)

Similarly testing (9.1) with yjhy such that yx = 1 on By, (xi) and yx = 0 on M\Ba,, (xi), we see

that:

/ Il + i < Copa.
Bpk(xk)

Note that by (iv) in Proposition 9.1.1 and cyy < pr < 2cy the geodesic balls B, (xi) are uni-
formly bi-Lipschitz to the unit disk in the euclidean plane. Combining the last two displays,
using Banach-Alagolu, Rellich-Kondrachov theorem together we the bounds on the radius, we
may extract a convergent sub-sequence in W2, Moreover the weak limit satisfies (9.1) with
llexllz2(ary = lle2llz2(ary = 0, testing the equation by h we see that any weak limit of hy should be 0.
However since the L2 norm of hy is uniformly bounded below and away from zero, by the strong

L? convergence, contradiction follows. m]
Similar to Corollary 7.1.2 we have that:

Corollary 9.2.3. As a consequence of the estimates above we also get that there exists a constant

Cam > 0 such that for any 0 < € < %:

C
/w2+28|dh|2 < #/‘ w2| *dh+B|2+ | *dB+V(x)h|2.
M € JM
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9.3 SELECTION PRINCIPLE AND PROOF OF STABILITY ON COMPACT
SURFACES

Here we find a regular enough pair satisfying the assumptions of Theorem 9.2.1 second order close

to any nearly minimizing pair (u, V) € W'2(M). The proof is adapted with little modification.

Theorem 9.3.1. Let (M, g) be a compact Riemannian surface. Then there exists constants nyg, Cpr, Ay
with the following property: Let L — M be a Hermitian line bundle with 0 < deg(L) < %TVOI(M).
Then for any pair of section and connection (u, V) € W2(M) such that E(u, V) — 2z deg(L) < 77]2\4.

Then there exists another pair (ii, V) with the following properties:
() llu = @12y + 1Fs = FolZ ) < O [E@, V) = 27 des(L)].
(ii) A]‘Ml|u0| < |a| < Amlug| for some solution (ug, Vo) with E(ug, Vo) = 2r deg(L) .
(iii) 27 deg(L) < E(i, V) < E(u, V).

Proof. The proof is essentially the same as Theorem 8.0.1. Similar to Remark 8.1.2 we can assume
without loss of generality that |u| < 3. Then we replace (u, V) with the minimizer of the following

auxiliary energy:

Guv)(u1, V1) = E(u1, V1) + |lu - u1||§2(M) +|A- AllliZ(M) :

The existence and regularity follow verbatim as in Lemma 8.1.1 and Lemma 8.2.1 respectively. (In
fact the proof of existence is a bit simplified since it is straightforward to prove that the degree
passes to the limit) Iterating the process deg(L) times, we see that we can find a pair (i, V) such
that:

i = ullZs ) + IFs = Foll%a ) < Car [EG, V) = 27 deg(D)] -
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Moreover, for any simply connected domain Q € M there exists a constant Cg »r with the follow-
ing property: After a suitable gauge transformation (i, A) — (ue's, A+ d¢) for & € WOI’Q(Q) such

that:
Ayé =d*Ainside Q ¢ M and V,& = 1,A on 9Q,
we have the following estimate:
||ﬁei§||cdeg<L),a(Q) <Cma-

Arguing by contradiction and compactness, using Arzala-Ascoli we can see that if 17]2\4 is small
enough, then e’ is a CN perturbation of some solution ug. Now we take a local chart of U ¢ Q
and map everything onto an euclidean ball; then taking small enough domains and arguing by

compactness, we can apply Lemma A.0.1 to conclude as in the proof of Theorem 8.0.1. ]

Proof of Theorem 5.2.1. Using Theorem 9.3.1 and Theorem 9.2.1, the proof of Theorem 5.1.1 applies

verbatim. m|

Proof of Theorem 5.2.2. The proof follows from Corollary 9.2.3, similar to the proof of Theorem 5.1.2

and Theorem 5.1.3. m]
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Part1IV

Decay of Excess for the abelian-Higgs

model
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Chapter 10

Introduction

10.1 BACKGROUND ON THE ALLEN-CAHN AND ABELIAN HIGGS
MODELS

Area of geometric shapes is one of the oldest geometric functional considered in mathematics.
Given an ambient Riemannian manifold (M", g) (possibly the flat Euclidean space R") and given
aninteger 1 < k < n—1, one looks for k-dimensional objects, such as k-dimensional submanifolds
or singular versions of them, which are critical points for the k-area H*. These are called minimal
submanifolds (provided they are regular enough, depending on the context).

Besides its intrinsic interest, the study of minimal submanifolds in a given ambient often
reveals global topological structure, especially when coupled with curvature information.

These applications motivate a systematic existence and regularity theory of such critical
points. In spite of its apparent simplicity, it is notoriously difficult to use the area functional
directly in the context of the calculus of variations, especially when k > 2. Leaving out a number
of very important ways to deal with this problem, such as the approach via parametrizations when
k =2, see, e.g., [30, 65-67] among others, area-minimizing currents and sets of finite perimeter in

the context of minimization, [23, 32] and the monographs [33, 72], and the Almgren—Pitts theory
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involving varifolds, [2, 64]. In this paper we focus on the approximation of minimal surfaces as
limit of diffuse physical energies.
Starting from the pioneering ideas of De Giorgi, Modica [59], Ilmanen [49], and Hutchinson-

Tonegawa [48], it was understood that smooth critical points u : M — R for the Allen—-Cahn

Eq(u) ::/A;:um%#

are effective diffuse approximations of minimal hypersurfaces. The Allen-Cahn functional is a

energy

well studied model for phase transitions; a typical critical point u takes values in [—1, 1], with
u ~ %1 (the pure phases) except in a transition region of thickness ~ ¢, where most of the energy
concentrates. Roughly speaking, this region is an e-neighborhood of a minimal hypersurface,
which acts as an interface between the two phases, and the energy density decays exponentially
fast away from this interface.

This understanding brought a novel, PDE-based way to attack variational problems for the
co-dimension-one area [43], which often allows to obtain more refined results compared to other
methods [17].

In co-dimension two, similar attempts have been made by looking at the same energy for maps
u : M — C, replacing u with |u| in the second term. This corresponds to a simplified version of the
Ginzburg-Landau model of superconductivity, popularized by Bethuel-Brezis—Hélein [9], where
one neglects the magnetic field. The asymptotic analysis of this energy is substantially more
involved, due to the lack of the aforementioned exponential decay, and brought mixed results:
see, for instance, [8, 57] in the positive direction and [63] in the negative one.

On the other hand, including the magnetic field and looking at the so-called self-dual regime

(also called critical coupling), we can consider the alternative energy

1= 2\2
E.(u, ) ::/ |du—iau|2+ﬂ+52|da|2 .
M 482
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Apart from the different normalization, it differs from the previous energies by an additional
variable, the one-form a € Q!(M;R), which twists the Dirichlet term and appears in the Yang-
Mills term |da|? (indeed, the latter equals |Fy|?, where Fy is the curvature of the connection
V :=d — i on the trivial complex line bundle C x M).

This energy, in this specific self-dual regime (i.e., the choice of constants in front of each term),
is well known in gauge theory, where it is often called U (1)-Yang—Mills-Higgs, or simply abelian
Higgs model. 1t received a thorough treatment in dimension 2, with a complete classification
of critical planar pairs (u, V) of finite energy by Taubes [74, 75]. See also [47] for the case of
Riemann surface and [12] for Kéhler manifolds. Recently, in [62], Stern and the Pigati developed
the asymptotic analysis in arbitrary Riemannian manifolds, obtaining the precise co-dimension-
two analogue of the result by Hutchinson-Tonegawa: see Theorem 13.1.1 below. Related facts,
including I'-convergence and the gradient flow convergence to mean curvature flow, have also
been verified, by Parise, Stern, and Pigati [60, 61].

Based on some new functional inequalities [44] (in Part II), we obtain a quantitative refine-
ment of the work of Taubes (Part III), who showed (among other facts) that critical pairs on the
plane minimize the energy among pairs with the same degree at infinity: namely, in [45] a quan-
titative stability is proved; the precise statement is recalled in Theorem 13.4.1 (for convenience).
Together with the main result from [62], this result will be instrumental for the analysis in the

present paper.

10.2 SAVIN’S THEOREM

Since the work of De Giorgi [24] and Allard [2], it is known that almost-flat minimal submanifolds
enjoy an improvement of flatness, i.e., they become even closer to a plane at smaller scales, in a
quantitative way. Iteration of this improvement of flatness is the key mechanism in proving

(quantitative) regularity of minimal surfaces. The key analytical fact behind this decay property
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is the observation that the linearization of the minimal graph equation is the Laplace equation,
whose solutions enjoy similar decay properties.

A related question, in the spirit of the classical Liouville theorem, is whether globally defined
objects should be planar. The famous Bernstein’s conjecture predicts that this is always true for
minimal graphs R*~! — R, which are automatically (locally) area-minimizing hypersurfaces. In
view of the improvement of flatness, this question quickly reduces to understanding whether any
blow-down is necessarily a hyperplane. Bernstein’s question was answered affirmatively by the
works of Fleming, De Giorgi, Almgren, and Simons for n < 8, while Bombieri-De Giorgi—Giusti
produced a counterexample for n = 9, whose blow-down corresponds to the Simons cone, in [11].

By analogy, De Giorgi conjectured that critical points u : R" — R of the Allen-Cahn energy
with ;7“” > 0 (so that level sets are graphs) are just rotations of a one-dimensional solution u =
u(xy), at least when n < 8. The question has been solved by Ghoussoub—Gui for n = 2, in [42], by
Ambrosio—Cabré for n = 3, in [4], and by Barlow-Bass—Gui under additional regularity for the
level sets, in [6]. Finally, in [70] Savin settled the conjecture for all n < 8 under the assumption
that u(x’, x,) — +1 as x,, — oo, for any fixed x” € R"L, In fact, his main contribution could be

phrased as follows.

Theorem 10.2.1 (Savin’s theorem). A local minimizer u for Allen—Cahn enjoys improvement of

flatness. In particular, if any blow-down is a hyperplane, then the blow-down is unique.

Here the blow-downs can be understood in terms of energy concentration, or by looking at
the blow-downs of the zero set {u = 0} with respect to the (local) Hausdorff convergence of sets.
The previous statement implies the resolution of De Giorgi’s conjecture for n < 8, with the
extra assumption mentioned above. Indeed, it is known that this condition, together with 3‘97“" > (),
implies that u is a local minimizer; moreover, any blow-down gives a vertical area-minimizing
cone in R”, hence an area-minimizing cone in R""!, which is known to be necessarily a hyper-

plane for n < 8.
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In other words, uniqueness of the blow-down relies on two ingredients: improvement of
flatness and a classification of blow-downs. While the second one can be directly exported from
the setting of minimal hypersurfaces, the first one needs to be proved before passing to the limit
¢ — 0, and this is the difficult part settled by Savin.

Finally, using the maximum principle (see, e.g., [7, 31]), one can deduce the following.
Corollary 10.2.2. Under the previous assumptions, u is one-dimensional.

As for minimal graphs, De Giorgi’s conjecture (even with the extra assumption used by Savin)
is false for n > 9: a counterexample has been constructed by Del Pino—Kowalczyk-Wei, in [29].

Savin’s approach uses viscosity techniques, resembling the Krylov-Safanov theory in spirit.
In particular, while his groundbreaking methods have a wide range of applicability, even beyond
variational equations, it is not always clear how one can extend these techniques to the vectorial
setting, where the maximum principle does not apply; see however [27, 69].

Recently, Wang [80] obtained a variational proof of Savin’s theorem, following the strategy of
Allard’s proof of excess decay for stationary varifolds. Wang’s paper has been the starting point
for our investigation of the regularity properties of the zero set of solutions of the Yang—Mills-

Higgs equations.

10.3 MAIN RESULTS
We consider the energy

1= 1ul?)2
E, = / e.(w, V), e(u,V):=|Vu|>+ (4|—L21|) + €% |Fy|*.
€

Note that E, is just a rescaling of Eq, for ¢ > 0. The main result of the paper could be summarized

as follows.
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Theorem 10.3.1. Savin’s result, as stated in Theorem 10.2.1, holds for critical pairs (u, V) for E1, in

any dimension n > 2.
The following is the precise statement of the excess decay for critical points.

Theorem 10.3.2 (Tilt-excess decay). For any n > 3 and small enough 0 < p < po(n), there exist

constants ey(n, p), 7o(n, p) such that the following holds. Let (u, V) be a critical point for E. on the

unit ball B} C R", with ¢ < &, u(0) = 0, and the energy bound

1
W /Bn eg(u, V) < 21+ 19. (101)
1 1

Then at least one of the following statements is true: either
Ey(u,V,B",S) < Cp?E;(u,V,B",S),

for some (n — 2)-plane S with |Pg — Ps|| < Cy/E1(u, V, B}, S), where Ps is the orthogonal projection

onto S, the plane minimizing E(u,V,B",-), or
Ei(u,V,BY,S) < max{Ce®|log E|*VE, ¢ ¥/},

where E = E(u, V, B",S) and C = C(n), K = K(n) are independent of p.

Remark 10.3.3. To be precise, we assume also the pointwise bounds (13.1)-(13.2), which are

automatically true if (u, V) is a critical pair on R" with energy growth O(R"2) on Bg.

Here E is the excess, defined in (14.1) below, which naturally splits into two parts, E; and
Es, measuring how far a solution is from being two-dimensional and from solving the first order
vortex equations, respectively. We also note that E; parallels the notion of excess in the theory

of varifolds and does not depend on the orientation, while E sees the orientation and should be

107



thought of as the stronger notion of excess in the setting of currents. While in principle the

previous result establishes a quantitative decay only for Eq, it is enough to obtain the following.

Corollary 10.3.4. If (u, V) is an entire critical point on R", with

1
0 < lim 5
R—o00 |Bz_ |

/ e.(u, V) < 21+ 19(n),
By

then this limit is 27 and the blow-down is a unique plane.

The previous limit always exists by the monotonicity formula for E,, see [62]. By a simple
compactness argument and Allard’s theorem, it is easy to see that the assumption guarantees that
any blow-down is an (n—2)-dimensional plane. The key assertion is that, in view of improvement
of flatness, the blow-down is unique.

Another simple consequence of the techniques is the following fact, a diffuse version of the

C1% regularity of minimal graphs.

Theorem 10.3.5. Let (u,V) be a critical point for E. as above. Given a € [0,1) andy > 0,

n

1o 1S contained in a

ife < eo(n,a,y) and 19 < 19(n, a,y) then the vorticity set {|u| < %} N B

C(n, a, y)e" 1+ _neighborhood of the graph of a function
f:B? 5 R?

Wlth ||f||c1,a < y

Differently from the co-dimension one setting, where uniqueness of the blow-down (with
multiplicity one) implies via the maximum principle that u is one-dimensional, at the present
time we are not able to conclude that, in the setting of Corollary 10.3.4, the solution u is two-

dimensional. Here we formulate the following variant of the Gibbons conjecture.
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Conjecture 10.3.6. An entire critical point (u, V) on R" satisfying

1
lim / e.(u,V) =2x
R—oo [BE2| Jgn

and, writing any x € R" asx = (y,z) € R2 x R"2, also
|llim lu(y,z)| =1, wuniformlyinz,
y —00

is necessarily two-dimensional, i.e., it is the pullback through the projection R" — R? of the standard

solution in R? with degree +1, up to translation and change of gauge.

It is interesting to note that, if we allow for multiplicity higher than one in the blow-down,
this conjecture (with the appropriate energy assumption) does not hold for the non-magnetic
Ginzburg-Landau energy mentioned before, see [22]. It is not clear if such rigidity with higher
multiplicity should be expected for the energy considered in the present work. On the other hand,
our excess decay is strong enough to give an affirmative answer up to dimension 4. With a more
involved argument, we are able to settle it also for local minimizers in all dimensions n > 2, thus

obtaining a full analogue of Savin’s theorem.

Theorem 10.3.7. The previous conjecture holds for critical points in dimension 2 < n < 4, as
well as for local minimizers in all dimensions n > 2, even without the second assumption that
lim|y| 0 [u(y, 2)| = 1 uniformly in z: the pair (u, V) is two-dimensional, up to rotation and change

of gauge.

The techniques used in this paper resemble those of [80] at several places. However, there are
several key differences which require substantially new ideas. For instance, in order to construct
the Lipschitz approximation, Wang uses a generic level set of u. The fact that typical level sets
share effectively properties of minimal hypersurfaces is often used in [80], as well as in [17, 49,

77] and many other works in the Allen—Cahn setting. For the abelian Higgs model, level sets of u
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can be arbitrarily irregular, due to gauge invariance; while we can always pass to a local Coulomb
gauge, we do not expect such effective properties of typical preimages of u.

Rather, in the present setting, we rely on the results from [45] in order to control in a fine
way the behavior of u on many (but not all) two-dimensional slices perpendicular to the reference
plane. For instance, we are able to bound the distance of the actual zero set from a certain function
giving the “center of mass” of each slice, which is used as a Lipschitz approximation and allows
to derive a Caccioppoli-type inequality.

In the case of minimizers, this refined control also allows us to deform a nearly flat minimizing
pair (u, V) in the interior to gain a stronger decay of the excess. This deformation process also
requires a very involved gauge fixing argument, since generically (u, V) could be very irregular
in an arbitrary gauge. The following theorem is the precise statement of the improved tilt-excess
decay that we obtain for minimizers. Note that in the statement below, f can indeed be any power.

This is fundamental for proving Theorem 10.3.7 for minimizers, where we need to take f = n — 2.

Theorem 10.3.8. For any > 0 and small enough 0 < p < po(n, p) there exist to(n, B, p) > 0,
eo(n, B, p) > 0 with the following property. Let (u, V) be a local minimizer of E, in B} with e < ¢

and u(0) = 0 such that

1
W/ eg(u, V) <2+ 70,
1 By

and let S minimize E(u, V, B",S). Then, after a suitable rotation, at least one of the following state-

ments is true: either

E(u,V,B",S) < Cp*E(u,V, B, S),
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for some new oriented (n — 2)-plane S with ||Pg — Ps| < CVE, or
E(u,V,B",R"2) < ¢,

where C = C(n, f) is independent of p.

Then, by taking > n—2, we obtain a direct proof of Theorem 10.3.7 in the case of minimizers.
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Chapter 11

Basic definitions

While we work on the trivial Hermitian line bundle over the Euclidean space R”, it is worth to

recall the definition of Hermitian line bundle over a general manifold.

Definition 11.0.1. A Hermitian line bundle over a smooth manifold M is a complex line bundle
L — M (ie., a complex vector bundle with typical fiber C) equipped with a Hermitian metric,
whose real part will be denoted by (-, -); thus, for any two smooth sections s, t € T'(L), the func-

tion p — (s(p),t(p)) is smooth and real-valued, and satisfies (is(p),it(p)) = (s(p),t(p)) =
(t(p).s(p))-

Definition 11.0.2. A metric connection is a map V which assigns to each vector field & € T'(TM)

an endomorphism V¢ : I'(L) — I'(L) with the following properties:
(i) Vesys = Ves + Vs,
(i) Vs = ¢Ves;
(iii) Ve(¢s) = (£4)s +PVes;
(iv) £(¢s, 1)) = (Ves, 1) + (s, Vet),
for any sections s, ¢ € (L), vector fields & n € T'(TM), and function ¢ € C®(M).
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On the trivial bundle L = C X M, we can always write a metric connection V as
V=d-ia,

for a real-valued one-form, meaning that Vs = ds(§) — iar(&)s.
In general, for two vector fields ¢ and 7, typically Vi and V, do not commute, meaning that

the connection has nontrivial curvature. Formally, the curvature Fy is given by

Fy(&n)(s) = [V§> VU]S - V[fﬂ]s' (11.1)

A simple computation shows that Fy is a two-form with values in the Lie algebra of U(1), i.e., in

imaginary numbers; we will sometimes use the real-valued two-form @ given by
Fy(&n)(s) = —iw(& n)s. (11.2)
On the trivial bundle, if V = d — ia then we simply have
w=da.

We will use the inner product on two-forms induced by the following quadratic form:

2 2
=" > |l el

1<j<k<n

where {e}}_, is a local orthonormal frame for TM.
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Chapter 12
The U (1)-Yang-Mills—-Higgs equations

For a section u € I'(L) and a (metric) connection V on a Hermitian line bundle L — M over a
smooth Riemannian manifold (M, g), given a parameter ¢ > 0, we define the U(1)-Yang—Mills—
Higgs energy as
(1—ul*)?
2

E.(u,V) ::/ [|Vu|2+s2|Fv|2+— , (12.1)
M 4¢

where Fy is the curvature of V and |Fy| is defined to be |w| (with w as in (11.2)). Equivalently, on
the trivial bundle, for any section u (viewed as a function M — C) and connection V = d — ia we
have

(1—[u?*)?
42

Eg(u,V:d—ia):/

[ldu — iual? + 2|da|? +
M

A smooth pair (u, V) gives a critical point for the Yang-Mills-Higgs energy if and only if it
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satisfies the system of partial differential equations:

) 1 2
V*Vu = @(1 - |u| )u9

Ed*w = (Vu, iu),

where V* is the adjoint of V, while d* is the adjoint of d : Q' (M) — Q?(M), given by

(d*w)(e) == > (Vo) (e e)
j=1

for some (and hence any) orthonormal frame {e;}.

(12.2)

(12.3)

We now recall some Bochner-type identities from [62, Sections 2-3]. Since w is a closed

two-form, after taking the exterior derivative in (12.3) we get
EAgw + [u)*w = ¥(u),
where Ay = dd* + d*d is the Hodge Laplacian and
Y(u)(ej, ex) = 2(iVe,u, Ve u).
One easily sees that the modulus |u|? satisfies the equation
|u|

1 2 2 g 2
Asluf? = [Vul? = 25 (1~ uf?).

We also recall the following Bochner identity for |Vu|?:
1 1
A§|Vu|2 = |V2ul? + ﬁ(i’>|u|2 — 1)|Vul? = 2w, ¥ (u)) + R (Vu, Vu),
€

where Ry = Ric(ej, ex) (Ve u, Ve, u) and V2 u= Ve, (Veu).

€j,€k
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Next, we define the gauge-invariant Jacobian, which plays an important role in the I'-convergence

theory [60], similar to the classical Jacobian in the I'-convergence for the Ginzburg-Landau en-

ergy with no magnetic field, see [1, 8, 53]. It is the two-form given by
Jw, V) =y () + (1 - [ul)o. (12.8)
We have the trivial pointwise bound
|J(u, V)| < e:(u, V), (12.9)

where e.(u, V) is the integrand in (12.1).

We define T to be the dual current to the Jacobian, formally identified by the duality formula
1
(T, &) = o / J(u, V) A€, (12.10)
T JM
for any (n — 2)-form £ € Q"2(M). Note that by (12.4) the Jacobian can be written as
Jw,V) = w + 2 Ago.

In particular, this shows that the gauge-invariant Jacobian is a closed two-form. This, in duality,

implies that dT; = 0, i.e., I[; is an (n — 2)-dimensional cycle.
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Chapter 13

Preliminary estimates

13.1 THE ENERGY CONCENTRATION SET

It was proved by the Pigati and Stern in [62] that, for a sequence (u,, V) with ¢ — 0, one can
extract a subsequence such that the energy density converges to (the weight of) a stationary
integer-rectifiable (n — 2)-varifold. We restate the main result of [62] in the following theorem,

see [62, eq. (6.35)] for the conclusion on the Jacobian.

Theorem 13.1.1 (The varifold limit). Let L — M be a Hermitian line bundle over a closed, oriented
Riemannian manifold (M", g) of dimensionn > 2 and let (u,, V.) be a family of critical points of E,,

satisfying the uniform energy bound
E.(u:, V) < A < o0,
Then, as ¢ — (0, the energy measures
1
Ue = %eg(ug, V,) voly,

converge subsequentially, in duality with C°(M), to a measure j which is the weight of a stationary
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integral (n — 2)-varifold V. Also, forall0 < 6 < 1,
spt(V) = lim{Ju.| < 6},

in the Hausdorff topology. The (n — 2)-currents dual to the curvature forms %a)g and Jacobians

%](ug, V.) converge subsequentially to the same limit, an integral cycle I’ with |I'| < p.

Remark 13.1.2. The previous result admits a local version, proved in the same way (assuming
the bounds (13.1) and (13.2) below, which in the closed case follow from the maximum principle):
assume that we have an increasing sequence of open sets U, C R" and a sequence of smooth pairs

(ug, V,), each defined on the trivial bundle C X U, and critical for E; if we have

limsup/eg(ug, V,) < >
K

e—0

for any compact subset K ¢ U := |J, U, as well as (13.1)-(13.2), then there exist a limiting

varifold V and a limiting cycle T" satisfying the same conclusions as above (up to a subsequence).

We will use the above theorem (in its local version) in several soft arguments by compactness
and contradiction; in particular, we will use it to obtain information for any blow-down limit of

an entire solution.

13.2 MODICA-TYPE BOUNDS AND EXPONENTIAL DECAY

Actually, [62] contains some additional information which will be used frequently in the paper,
including a Modica-type bound which was first proved in dimension two in [51, Theorem II1.8.1].
We record the following propositions in the non-compact case of M = R", with the trivial bundle

L=CxR".
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Proposition 13.2.1. A critical point (u, V) for E, on the trivial bundle on R", satisfies
lul <1 (13.1)

everywhere.

Proof. The bound |u| < 1+C(n)e? on the unit ball B1(0) can be shown as in [61, Proposition A.2],

and the claim follows by scaling. m]

Proposition 13.2.2 (Modica-type bounds). Assuming also that the energy on a ball By is O(R"2)

for R large enough, we have the pointwise bounds

1 Jul? 1 - Jul?

|Vu| < . (13.2)
&

e|Fy| <

Proof. The proof is essentially the same as in [62]; however, in the Euclidean space, the Modica-
type bound has no error terms. First, define & to be the discrepancy:

1= Juf?

= ¢|Fy| —
&= ¢|Fy| 7

(13.3)
Arguing as in [62, Section 3], we see that
|ul?
AE > €—2§. (13.4)

For the positive part ¢*, this immediately implies that

AE" >0
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in the distributional sense, i.e., £ is subharmonic. Under the energy growth assumption, we have

/ € = OR™),
Br(0)

which gives & = 0, as claimed.

For the second bound, proceeding as in [62, egs. (5.5)—(5.6)], we check that

1 - |uf?

w = |Vu| -

satisfies
2 2 2
1 1- 1-
szﬂw+— w+ [ul 2w + [ul .
£2 € € 2¢
Again, this implies that w* is subharmonic, and hence w* = 0. O

We also record the following exponential decay of energy, which plays a key role in the paper.

Proposition 13.2.3 (Exponential decay away from the vorticity set). There exist constants K(n) >
0 and C(n) > 0 such that, defining Z := {|u| < %} and r(p) = dist(p, Z), we have
o—Kr(p)/e

eg(u, V) < C—Q (13.5)
£

Proof. As in [62, Corollary 5.2], we compute that on R" \ Z we have

(G e i

A >
2 42

Exponential decay now follows as in [62, Proposition 5.3], using also the previous Modica-type

bounds. m]
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13.3 INNER VARIATIONS AND MONOTONICITY

In this section we recall the inner variation formulas for critical points. With respect to any

orthonormal basis {ex};_, for TM, we define the (0, 2)-tensors Vu*Vu and w*w by

(Vu™Vu)(ej, er) = (Veu, Vo u), (13.1)
w'w(e;,e)) = i w(e;, ex)w(ej, ex). (13.2)
k=1

We define the stress-energy tensor to be
T.(u, V) := e.(u, V) — 2Vu*Vu — 26%0 . (13.3)
Then, for any pair (u, V) satisfying (12.2)-(12.3), the inner variation formula then reads
div(Te(u, V)) =0, (13.4)
meaning that, for any compactly supported vector field X,
/M<Tg(u, V),DX) = 0. (13.5)

A core tool in the proof of Theorem 13.1.1 is the monotonicity formula from [62, Theorem 4.3],
which is cleaner in the case of the trivial line bundle L = C X R" over the flat Euclidean space

M = R". We state this version of the theorem for convenience and give a short proof.

Proposition 13.3.1 (Monotonicity formula). Let (u, V) be a critical point for E, on the trivial line

121



bundle L = C x R* — R". Then the normalized energy

Eg(p, r) = r2_”/ e-(u, V)
Br(p)

satisfies

—£2|a>|2

((1 — ul*)?

d - .
—E.(p,r)=2r""
dr g(P r) ’ -/Br(p) 4¢2

(13.6)
+2r2_"/ (|Vvu|2+€2|tva)|2).
3B, (p)

Proof. Without loss of generality, assume that p = 0. By approximation we can take X(x) =

135, (0) ZZ=1 xxex in (13.5), obtaining

) A=,
r/asr e.(u, V) = Lr(n—Q)eE(u,V)+QAr( 162 - £%|w|

+2r/ (lVVul2 +€2|tvw|2).
9B,

Since
d o 1-n 2—-n
d—Eg(x, ry=2-n)r e.(u, V) +r e.(u,V)
r B, 9B,
= 2r1_”/ —(1 ~ ul)? - 2|w|?
B, 452
+ 2r2—"/ (IV,ul? + €|,0]?),
9B,
we obtain the desired conclusion. O
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13.4 QUANTITATIVE STABILITY IN TWO DIMENSIONS AND THE
VORTEX EQUATIONS

In this section we record some results regarding the existence, uniqueness, and quantitative sta-
bility of critical points for (12.1) in R?. First of all note that for ¢ = 1 the energy E; of any pair

(u, V) can be written as follows:

E(u,V) = /R 2 [ww2 Ryl + ﬁ]

I 1
w +
2

= 27|N]| +/ |Viu +iVoul? +
R2

, (13.1)

where N is the vortex number of (u, V), given by

Thus (u, V) is a minimizer of the total energy among pairs with the same vortex number if and

only if it satisfies the first-order system of vortex equations:

. 1—|ul?
ViutiVou=0and *w ==+ 7 (13.2)
€

These are also called Bogomol’nyi equations (after [10]) or self-dual equations, and arise in many
self-dual gauge theories. Taubes, in [74], proved that we can prescribe the zero set u~'(0) =
{ai,...,ax}: given any finite collection of k > 0 points, counted with multiplicity, there exists
a solution (u, V) to the vortex equations (with either choice of signs, corresponding to vortex
number N = k and N = —k, respectively) with this prescribed zero set; moreover, the solution is
unique up to change of gauge.

In [45] the previous results we improved to a (sharp) quantitative stability for critical points
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of E1. We record these results and this improvement in the following theorem.

Theorem 13.4.1 (Uniqueness and stability in two dimensions Theorem 5.1.1 & Theorem 7.0.1
& Theorem 5.1.3). On the trivial line bundle over R?, any critical point (u, V) of finite energy for
Eq is actually a minimizer with E1(u, V) = 2xk € 27N. Moreover, up to change of gauge, any
minimizer is uniquely characterized by its zero setu™'(0) = {ay, ..., ar} (counted with multiplicity,
according to the local degree of u around any zero) and orientation. Letting ¥ be the moduli space
of all minimizers, the following quantitative stability estimates hold:

. 2 2
(uo,lvnof;67'-(||u - u0||L2(R2) + ”FV - FV()”LQ(RQ)) S Ck(El(u: V) - 27Tk)’ (133)

for some constant Cy > 0 and all pairs such that the discrepancy E1(u, V) — 27k < O is small

enough.

Proof. Existence and uniqueness were proved in [74, 75], while quantitative stability was obtained

in [45]. O

The proof of the above theorem uses weighted estimates developed in [44]. Essentially, Theo-
rem 13.4.1 tells us that in the vanishing ¢ limit, two-dimensional slices perpendicular to the energy
concentration set resemble minimizing vortex solutions in R?. In the case of regular enough pairs
(u, V), we also have the stability of the Jacobian and the energy density, given by the following

theorem.

Theorem 13.4.2. For any A > 1 and integer k, there exist constants Cpy > 0 and npx > 0 with the

following property. Let (u, V) € Wlicz (R2) be a finite-energy pair such that
(i) A Yug| < |u| < Alug| for a solution (ug, Vo) with zero set {xj}’;:1 (counted with multiplicity);
(ii) Ev(u,V) = 27k < 3 1

(iii) % € W1 and has the same degree as =X around each x;.
[ul loc [uo] J
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Then for any 0 <y < %, writing V = d — ia, we have

/|u0|2+2” dlog(ﬂ)
R2 |uo|

up to a change of gauge. Moreover, the Jacobian and the energy density satisfy the following esti-

2
+ |a — 0(0|2

C
< 2K [E) (u, V) - 27k],
%

mates:
1] (u, V) = J (uo, Vo)1 (r2) + lle1(u, V) — e1(uo, Vo)llL1(r2)
(13.4)
< CpxVE1(u, V) - 27k.
Proof. For the proof see [45, Theorems 1.2 and 1.3], as well as [45, Section 3.3]. O
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Chapter 14

Quantifying flatness and the excess

We assume that n > 3 throughout the rest of the paper, unless otherwise stated.

14.1 EXCESS DEFINITIONS

In this section we introduce a way to measure flatness of a pair (u, V). Inspired by the definition

of tilt-excess by De Giorgi [24], we define the Yang—Mills—Higgs excess as

2—n

E(u,V,B,(x),S) = r

— /B e @D ac

(14.1)
= e (B (x)) — (T, 1p,(x)€5)

for any oriented (n — 2)-plane S in R" with the associated (n — 2)-vector es and (n — 2)-covector

e;. Take an oriented orthonormal basis of S = span{es, ..., e,} and extend it to an orthonormal
basis {e1,...,e,} of R". Then by a completion of squares we see that the excess splits into two
terms:

E=E;{ +Eo,
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where

r

2

2—-n
Ei(u,V,B,(x),S) := -

n
/ Z Ve ul® + &2 Z o (ej ex)’ (14.2)
Br(x) k=3

(J.k)#(1,2)

and

1 [uf2]?

2¢

|Ve,u + iV62u|2 + lew(eq, e2) — (14.3)

r2—n
E>(u, V, B, (x),S) := 5 /
By (x)

T

Note that E; quantifies how flat the solution is in the directions tangent to S, while Eo quantifies
the error in the vortex equations on perpendicular slices. Moreover, E; does not depend on the
orientation of S (while E and E» do).

The Yang-Mills-Higgs excess is a key tool in our analysis. For S := {0} x R*2, with a slight

abuse of notation, we define

1

E, = —
27 JB2x{z}

[ec(u, V) = J(u, V) (e1, e2)]

for z € R" 2 and similarly

1 n
Byx{z} | k=3 (j.k)#(1,2)

1—ul?
2¢

5 ew(eq, e2) —

i 2
1
(E2), = —/ |Ve,u+ 1'V62u|2 + ] )
B%x{z}»

14.2 THE TILT-EXCESS DECAY STATEMENT

Parallel to De Giorgi’s [24] and Allard’s [2] regularity theorems, we aim to prove a decay of
the excess up to scale ¢, compare with [80, Theorem 3.3]. More precisely, our goal is to show

Theorem 10.3.2, which is one of the main results of the present work. For convenience, we recall
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its statement here.

Theorem 14.2.1. For anyn > 3 and small enough 0 < p < pg(n) there exist constants C(n) > 0
and ey(n, p), 7o(n, p) such that the following holds. Let (u, V) be a critical point for the energy E,,
given by (12.1), with € < &y. Assume that u satisfies the bounds (13.1) and (13.2), that u(0) = 0, and

the energy bound

1
W/Bn eg(u,V) < 27+ 19.
1

Then at least one of the following statements is true: either
Ei(u,V,B",S) < C(n)p*E;(u,V,B%S), (14.1)

for some (n—2)-plane S with |Ps—Ps|| < C(n)+/E1(u, V, B}, S), where Ps is the orthogonal projection

onto S, the plane minimizing E(u,V,B%,-), and || - || is the Hilbert—Schmidt norm, or
Ei(u,V,B",S) < max{C(n)e?|log E|*VE, e XKW/¢}, (14.2)

where E = E(u, V, B7, S).

Note that thanks to Proposition 13.2.1 and Proposition 13.2.2, if u is an entire solution such

that ./B" e.(u, V) = O(R"?), then (13.1) and (13.2) are statisfied. In particular by scaling we deduce
R

the following.

Theorem 14.2.2. For any small enough 0 < p < po(n), there exist constants C(n), Ry(n, p) > 0

and to(n, p) with the following property. Let (u, V) be an entire critical point for E1, with the energy
bound

. 1
lim 5
R—o0 |B??_ |

/ e1(u, V) <27+ 19.
By

128



Then for all R > Ry at least one of the following statements is true: either

Ei(u,V, BZR, S) < C(n)p*E1(u,V, B, S), (14.3)
for some (n — 2)-plane S with |Pg — Ps|| < C(n)y/E1(u,V, B, S) and S minimizing E(u, V, By, -), or

E1(u,V, B, S) < max{C(n)R~?|log E|*>VE, e K(WR}, (14.4)

where E = E(u,V, B, S).

14.3 BLOW-UP AT MULTIPLICITY ONE POINTS

Allard’s regularity theorem [2] asserts that the energy concentration set in Theorem 13.1.1 is
locally a C1% submanifold around points of multiplicity one. We use this to show that, for any

blow-down, the energy concentration set is a flat (n — 2)-plane.

Proposition 14.3.1 (Multiplicity one and vanishing of excess). Foranyd > 0 there exist 7o(n, §) >
0 and e9(n, &) > 0 small enough with the following property. Let (u, V) be a critical point for E, on

the unit ball B}, with u(0) = 0 and ¢ < &g, as well as the energy bound

1
W/Bneg(u,V) <2m+ 1
1 1

and (13.1)—(13.2). Then, after a suitable rotation and, possibly, a conjugation of (u, V),
E(u,V,B] 5, R"?) <6,

where we write R"=2 to mean {0} x R""2. As a consequence, given an entire critical point (i, V) for
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Eq, withu(0) = 0 and the energy bound

/ e1(i1, V) < 27 + 19(n),

R—>c>o |Bn 2|

then the previous limit is 27 and we can find oriented (n — 2)-planes S(R) such that
an E(i1,V,B%, S(R)) =0

Proof. The proof is a standard argument by compactness and contradiction.

Assume that there are sequences (u,, V) and 7, — 0 (as ¢ — 0) such that
[ ewv0 < @iy
By
and, on the other hand,
lirgri)igle(ug, V. B’l’/Q,S(e)) > 0, (14.1)

for any choice of oriented (n — 2)-planes S(¢) (where, with abuse of notation, we write ¢ to mean

a sequence ¢ — (). We apply Theorem 13.1.1: up to extracting a subsequence, we have
e.(ug, Vy) dx Loon duy

in duality with C?, where V is a stationary integral (n — 2)-varifold whose weight uy obeys the

bound

1
pyv(B]) < lim inf—/ e-(us, V) < |B'1’_2|. (14.2)
e—0 27 B"
Moreover there exists an integral (n — 2)-cycle I' such that J(u,, V.) — 2z as currents and
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IT| < py.

Since u,(0) = 0, by the clearing-out lemma [62, Corollary 4.4] we get that 0 € spt(uy), so that
©"2(puy,0) > 1 since V is an integral stationary varifold. Because of (14.2), the monotonicity
formula for stationary varifolds is saturated, showing that V must be a cone with respect to the
origin; we extend it to a stationary cone V on R”. Since "2 (g, x) > 1 = ©"2(py,0) for all
x € spt(py), we see that V is a cone with respect to any x € spt(y), and hence a plane (since
the tangent plane exists for a.e. point x). Thus, up to a rotation, V is the multiplicity-one varifold
associated to {0} x R"2.

Moreover, the argument used in [62, Section 6.2] to show integrality of V actually reveals that

the limiting density is the sum of the absolute values of the degrees of

Ue

|ug| loD;x{z}

along typical slices B% X {z} with |z] < %, where D1,...,Dy C B% are suitable disjoint disks (de-

/2
pending on z) such that u.(-,z) # 0 on B% /9 \ U; D; (see in particular the proof of [62, Proposition

6.6] and the conclusion of [62, Proposition 6.7]). Since the limiting density is 1 and, eventually,

and z € B"72, we see that

u.(y,z) #0fory e aB%/2 1o

deg |u—€|(-,z) =1 from 8B%/2 to S*
Ug

eventually. As in [62, Lemma 6.11], we deduce that T = £[[{0} x B'11_2]]. We conclude that, after
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possibly replacing (u, V) with the conjugate pair, we have
: -2
0< lg% E(u, V., BT/Q,R" )

1
=lim — [ [e:(us Ve) = J(ue, Vo) Neg A--- Aey]
e—0 27 B!

= pv(Bj5) =T, 1pr e3 A--- Aey)

=0,

which is the desired contradiction.

For the case of an entire solution (u, V), we perform a rescaling: writing V =
d—ia,let

u(x) == u(e %), V,:=d—ia, with a,(x) := e la(e ).

Again, by applying Theorem 13.1.1, up to extracting a subsequence we have e, (u,, V,) dx ~d Hy,
for a stationary integral (n—2)-varifold V, and the Jacobians J(u,, V) — T for an integral (n—2)-

cycle I' with the pointwise bound |I'| < py. Using the monotonicity formula for E,, we see that

n—2

. €

v (Bg) = lim —/ e1(u,V)
e—0 Bn

21
R/e

is a constant multiple of R"2 and hence V is a cone around the origin with uy (B'll) <1+ 27—% Then,
by Allard’s regularity theorem [2], we see that for 7p(n) small enough, after a suitable rotation,
V is the varifold associated to {0} x R"2. In particular, this shows the conclusion on the energy
limit.

As before, we also have I' = +[[{0} x R*"2], concluding that for R := 51;1 (where ¢ — 0 is
our subsequence) the statement holds for the plane S(R) := {0} x R"2, either for (u, V) or the

conjugate pair (#, V = d + i) (depending on R). Since the initial sequence & — 0 was arbitrary,
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we deduce that

min  min{E(w, V,B% S),E(w, V,B% S)} — 0 (14.3)
SeGr(n,n-2)

as R — oo. Finally, letting S(R) realize the minimum over S € Gr(n,n — 2), since E; < E does

not distinguish between (u, V) and (1, V) we have
E{(u,V,B% S(R)) — 0.
As a consequence, we must have

sup ||Psry — Psr)ll — O, (14.4)
R'€[R2R]

since otherwise we would find sequences S(Ry) — Sand S (R) — S # S (with R < R, < 2R)
for which

Eq(u, V,B",ﬁ) +Ei(4,V, B”,§’) — 0 asR =Ry — o,

thanks to the assumption AB; e1(u,V) = O(R"2). If SU & spans R”, this immediately gives
fB?2 e1(u, V) = o(R"2), contradicting the assumption u(0) = 0 and the clearing-out lemma. Oth-
erwise, their span is (n—1)-dimensional; letting e; be a unit vector orthogonal to it and completing
to an orthonormal basis {e, ..., e,} such that e5 L S, we deduce that

/B;

= o(R"?).

n
2 2
D 1Veul + |
Jj=2

Because of (14.3), we also have

min{Es(w, V, B, S),E2 (1, V, B S)} — 0,
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giving
1— Juf?
2

1Ve,ul = [Veull + |l (er, e2)| =

J;

R

2
]HO’

giving again the contradiction fB,, e1(u, V) = o(R"2).
R
Having established (14.4), the claim follows by a straightforward continuity argument: for R

large enough we cannot have that
E(u,V,B% S(R)), E(&V,BL,S(R))
are both small, for some R’ € [R, 2R], since this would imply that
E2(u, V, B} S(R)) + Ea(,V, Bi, S(R))

is also small, which would give again small normalized energy on B; the same holds interchang-

ing the roles of R and R’, completing the proof. ]

We also record the following consequence of the Hausdorff convergence of the vorticity set

Z ={lul < 3}.

Lemma 14.3.2 (Soft height bound). For any o > 0 there exist 7o(n, o) > 0 and eg(n, o) > 0 with
the following property. Let (u, V) be a critical point for E. on BY, with ¢ < ¢y and u(0) = 0, as well

as the energy bound

1
W./Bneg(u,V) <2m+ 1
1 1

and (13.1)=(13.2). Then, after a suitable rotation, the zero set is contained in a small neighborhood

of R"~2; more precisely,

{lue| < 3/4ynB}_, c BZx B2

134



Proof. Following the same strategy as in the proof of Proposition 14.3.1, the statement follows

from the Hausdorff convergence of the vorticity set in Theorem 13.1.1. O

Remark 14.3.3. We will often use the following observation: if the excess E; is suitably small
on B, then the same conclusion holds without any rotation. The same holds under other assump-
tions forcing the vorticity set to concentrate on the plane R*? in the limit ¢ — 0, such as energy

close to |B’1‘_2| - 27 on the cylinder B% X B’{‘Q, for a critical pair defined there (with u(0) = 0).

In the following lemma we essentially show that if E; is small in a ball of radius larger than

¢, then E is small as well.

Lemma 14.3.4 (E; vanishing implies E vanishing). For any §, A > 0 there exist 7o(n,5,A) > 0
and ey(n, 5, A) > 0 small enough with the following property. Let (u, V) be a critical pair for E, on
the unit ball B}, with u(0) = 0,

Ec(u, V) < 21 + 10,

and (13.1)=(13.2), as well as € < €. Let x € B]_¢ be a point such that

sup  Ej(u, V,B"(x),R"?) < 1.

e<s<1—|x|

Then, up to conjugating the pair,

sup E(u,V, B;’/Q(x),R"_2) < 4.

e<s<1—|x|

Proof. The proof of this lemma is basically the equivalence of the (second-order) Euler-Lagrange
equations and the (first-order) vortex equations in two dimensions.

By contradiction, assume we have a sequence (u, Vi) of critical points for E,, with ¢ = & — 0,

135



and a sequence of points x; € B} s and radii sy € [&, 1 — |xk|] such that
E; (uk, Vk, B;lk (xk), RH_Q) — 0, hlzn inf E(uk, Vk, B:k/2 (xk), Rn_2) > 0.

We now distinguish a few cases depending on the behavior of the limit ¢ /si, which we can

assume to exists and to belong to [0, 1], and on the distance of x; from the vorticity set Z; = {x €

B (xi) : lugl < 3/4}.

‘ Case 1: e /s — 0 and dist(xy, Zi) /s — 0. ‘Since the energy concentration varifold is a plane

with multiplicity 1 (as in the previous proof), recalling that 1 — |xx| > § and x; has vanishing dis-

tance from the vorticity set, we immediately see that

1
e — €ep (uk, Vk) — 2.

n—2
|Bl—|xk| B | (xk)

Defining the map ¢ (x) := xx + six, we consider the pullback pair

(i, Vi) = ¢y (., Vi),

which is critical for Ez_, where & := ¢, /sx. Moreover, we have

1 _
lim su —/ ez (U, Vi) < 27
P B2 Juy & (k. Vi)

k—oo

by monotonicity of the energy.
Since & — 0 and 0 has vanishing distance from {|z| < %} N B, as in the previous proof, the
energy concentration varifold V is a plane S passing through the origin, with multiplicity 1, while

the limiting cycle I' = +[[S]. By possibly replacing (i, V) with their conjugate, we can assume
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that T = [[S]). Also, the stress-energy tensors
TEk (ﬁk, 6k)’

viewed as matrix-valued measures, converge (up to subsequences) to a limit T such that dT(x) =
Pr.v dpy (x), where Pr,y is the orthogonal projection onto the tangent space T,V (cf. [62, Section
6.1]). Hence, the fact that Eq (u, @k, B;‘,R”‘Q) — 0 implies T,V = R"2 ae., giving S = R"2,
Since

klim ez, ik, Vi) = J (i, Vi) A el] = 27 [pv (Bi ) — (T, 151 e5)] =0
—00 Brll/2

, we get the desired contradiction in this case.

‘ Case 2: /sy — 0 and dist(xk, Zx) /sy — 2d > 0. ‘By applying the same scaling as in the pre-

vious step we get that [ux| converges uniformly to 1 in Bj(0), which immediately implies that
both excesses converges to 0 in Bssk (xx) and thus the statement of the theorem with s/2 replaced

by ds. A covering argument then allows to pass to s/2.

‘ Case 3: ¢; /s — € > 0. ‘ Note that this implies that sz — 0.

After passing to a local Coulomb gauge, for any ¢ € N we get local uniform C’ bounds on B”k,
with Ry := /s, since by monotonicity we have local uniform bounds on the energy here, see
[62, Appendix]. By Arzela—-Ascoli we obtain a subsequential limit (#, Vo) in C®(RY). By the
definition of Eq (cf. (14.2)), we see that (ﬁm)akﬁoo =0forall 3 < k < nand 0w (ej, er) = 0 for all
(J,k) # (1,2). As in [62, Proposition 6.7] (after [62, eq. (6.30)]), up to a further change of gauge,
the limiting pair depends only on the first two coordinates. By the equivalence of first-order
and second-order vortex equations in R? [75] (cf. also the end of the proof of [62, Proposition
6.7]), we see that (fie, Veo) solves the first-order vortex equations up to conjugation; this yields a

contradiction for k large enough. O

Lemma 14.3.5. For every o > 0 there exist constants n(n, c),C(n,n) > 0 such that ifr > Ce and
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(u, V) is a critical pair on B,(p) satisfying (13.1)~(13.2) and E1(u, V, B"(p),R""2) < 1 then
{lul < 3/4} N Bl ), (p) € B, (y) X R",

provided that |u(p)| < % at p = (y, z) and the normalized energy is at most 27 + 1.

Moreover, given o, A > 0 there are n(n, o, A), C(n,n,A) > 0 such that if
Eq(u, V. BL(p).R"™) <1
then G := {u = 0} N B} .(p) is a o-Lipschitz graph, we have the inclusion
{lul < 3/4} N By, (p) S Be(n)e(G),

and e|u| is comparable with the distance from S in this neighborhood.

Proof. The first part follows by the very same arguments of Lemma 14.3.4. The second one is again
showed by contradiction after scaling by ¢, noticing that in the Coulomb gauge the contradicting
sequence (ug, Vi) converges smoothly to a solution depending only on the two variables (y1, y2).
To infer the smooth convergence of the zero set (which is gauge invariant) one notices that, by
the explicit form of the Taubes solution, the Jacobian Jui(ej, e2) is bounded away from zero.
Convergence of the zero set then follows from the implicit function theorem. Compare also with

the proof of Proposition 15.3.1. O

In the next lemma we show that the energy on each slice is approximately the excess on the

slice plus the degree of u on the boundary.

)
Lemma 14.3.6. Let (u, V) be an arbitrary smooth pair defined on B; X B’I (not necessarily a
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critical point) with
e-(u, V) (x) < e K/¢ forallx € an X B’ll_2
and |u(x)| > %for all x in the same set. Then we have

1
deg(u/|ul, 8B% x{z})+E, - — e-(u, V)| < 4ee X%,

27 JB2x(z)

forallz € B’11_2, up to conjugating the pair.

Proof. First of all, by a completion of squares, since

J = J(u, V) (e1, e2) = 2(iViu, Vou) + (1 — u]®)w(e1, e2),

we see that
1
= eé‘(u: V)
270 JB2x{z}
1 1—ul?)?
“ @t g [l el e, e+ S
2 B%X{z} 4e ( )
14.5
1 . 2 1 - Jul?”
= (Ey), + o [iViu — Voul* + [ew(eq, e2) — J
B%Xx
1
=E,+— .
27 JB2x(z)

We then define the modulus r : B% — [0, ) and the phase 0 : B% \ {r=0} — S' by

ry) = @)l 0(y) = —(y,2).

|ul
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Writing V = d — ia, we also have
r’(d6 - a)(y) = (Vu, iv) (y, 2)
(note that 0 and « are not gauge-invariant). Recalling that J(u, V) = da + d(Vu, iu), we compute

/ J(wV) = / (1= )a(e) + 20,61,
B2x{z} 9Byx{z}

where 7 is the tangent vector to an. Hence, we have

[ g =2ndesuflal. Bt x (2)+ [ (1=r)a(o) - a0,
B2x{z} 9B3x{z}
and the last integrand is bounded by

(lu]™2 = D(Vu, iv)] < 4(1 = |u|?)|Vu| < 4ee,(u, V)

in absolute value. Combining these bounds, the claim follows. m]
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Chapter 15

Slicing the current and Lipschitz

approximation

In this section, inspired by [5, 25, 53], we slice the currents I; dual to the Jacobians J(u, V). We
get metric-space-valued functions of bounded variation (MBV) in the sense of Ambrosio [3], with
values in O-currents in R?. Then, by placing a threshold on the maximal function of E;, we

construct a Lipschitz approximation of the barycenter of each slice with a uniform W2 bound.

15.1 SLICING IDENTITIES AND BV ESTIMATES

We start by defining vertical slices.

Definition 15.1.1. We define the vertical slices of the current I, (I;), = (I}, P, z), by the following

identity:

/ (T )$(2) dz = T Y (1) (2)d2),
B772(0)

for any two functions ¢ € Cg"(B%) and ¢ € C§°(B’11_2), where P : R2 x R"2 — R"2 is the

projection on the last n — 2 coordinates.
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In the next lemma we derive BV estimates for the slices, given a smooth pair (u, V) defined

2 n—-2
on By X B™“.

Lemma 15.1.2 (BV-type estimate). Define the function ®, : B’ll_2 — R by
Dy (2) = ((Te)z ¥).

Then, assuming /Bsz,,,Q e.(u, V) < 2mA, the total variation of ®y(x) is bounded by Ey and E as
1 1

follows:
1 n—242 2 -
§|D¢¢|(B1 ) < |ldy|l;«A min{C(n)Ey, E},

where |D®y | denotes the total variation measure, and E and E| are measured on B% X B’{‘Q (without

normalization).

Proof. The notation and line of argument is inspired from [25, Lemma A.1]. Forany ¢ € C;° (Bi"z, R"2)

we define the (n — 3)-form a by
a = Z(—l)k_lﬁbk(x?,, e Xp)dxs A Ndxg_1 ANdxggr A Adxp,
k=3
so that

da = (div ¢)(z)dz.
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Now, writing x = (y, z), we have

/ By(2) + $(2) dz = / (L)) () (2) dz
Bn—2 Br11—2

1

= L ¥ (y) (+4) (2)dz)
=l d(Ya)) — T dy A a)
= ([, dy A ),

where the last equality follows from the fact that oI, = 0. Now notice that d A « is a linear

combination of (n — 2)-covectors of the form
dxj Ndxz A+  Ndxg_y ANdxgeg Ao ANdx, with j=1,2, k=3,...,n.
As a consequence,

(L, dy A )|

< ldyl-llalis Y / [204Vey 1, Vo) + (1 = [ul)|eo (s, )],
j=12 JBIxB}7?
k=3,...,n

which, by Cauchy-Schwarz, is bounded by

ldyll=lletll o - C(m) VAVE;.
Taking the supremum over the functions ¢ with [|@||;~ < 1, we get the BV bound

ID®| (B 2) < C(n)l|dy|l 1 VAVE,.
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We can also estimate in the following way. Set B := B% X B’ll_2 and
€2 =€3 AN - Nep, e _o:=dxzA--- Adxp,

H
and let us write dI, = T ,d|I;| (viewing I, as a measure with values in A,_9R"). Since dy A «
does not have any e;_,-component, if we write fg = (fs - €n_9)€n_2 +R (where the dot denotes the

scalar product in A"72R"), we get

(T dy A a) = /B R (dy A a)dIT:),

and moreover

/ R dIT| = / (1= (F - 2)?) dIT,|
B B
< 2/(1 80 dL
B

= 26(1-‘5, B: gn—Q);
where e(I;, B, €,_2) is the current excess defined by
. 1 = - 5
e(reaB’ en—2) = 5 |r£_ en—2| d|r£|-
B

Hence,

(e, dyy A )| =

[R- @ raan

B

< |dy Aol / R dIT,|
B

< ||di|| ]|l =V 2e (T, B, é,—2) V|| (B) .
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Again, taking the supremum over the functions ¢ with ||¢||~ < 1, we get

ID®y|(B)~2) < ||dy/|=2e(Te, B, € n_2) VI (B).

From the pointwise bound of the Jacobian |I;| < %eg(u, V) we see that
e(I. B, €n2) = [Tt (B) — (T 15 € p2) < E.

The previous bounds, together with |I|(B) < A, give the conclusion. O

Remark 15.1.3. The Jerrard-Soner-type computations in Lemma 15.1.2 are valid for any current
without boundary (formally dual to a closed form). In the case of the Yang-Mills-Higgs Jaco-
bian, we record the following identity for convenience (it will be used in Proposition 15.2.1 and

Proposition 16.1.2):

_ L (1) [
=g [, . PIDYCHC AR o
(1 o ey €010 0 .

for any ¢ € C1 (B’1’_2, R?).

15.2 LIPSCHITZ APPROXIMATION OF THE BARYCENTER

Parallel to the regularity theory of minimal currents, we define a Lipschitz approximation of the
barycenter of the slices of T, (see for instance [25, Lemma A.2]). First we fix some notation which

will be used frequently:
« we use Eq as shorthand for E{(u, V, B% X B'1’_2, R"2), and similarly for E;

« as already mentioned, for any z € B’ll_2 we denote the excess on the slice B% x {z} by (E1),,
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and similarly for E;
+ we write Mg, (z) to denote the maximal function of (E1)_;

. we fix a cut-off function y € C°(B2 /4) suchthat 0 < y < land y=1on B%/Q.

Proposition 15.2.1 (Lipschitz approximation). Given 0 < n < no(n) small enough, there exist
t0(n,n) > 0 and eo(n,n) > 0 such that the following holds. Let (u, V) be a critical pair for E,,

defined on B% X B'f_Q, satisfying u(0) = 0, (13.1)—(13.2), and the energy bound

1
|B”—2| 2, pn-2
1 Bl><B1

e (u, V) < 27 + 19.

Then, up to conjugating (u, V), for 0 < n < no(n) small enough there exists a Lipschitz approxima-

tion h : By /42 — R? with the following properties:

(i) Lip(h) < Cn and [,, > |dh|* < CEy;
3/4
(ii) hlgn = ®,(x, x,) for a set G" C B2 such that |B';2\ G| < C
G x(x1.%2) 3/4 3/4
(iii) fBg o 2gn V) < Co + e/
(iv) /gv dT (1+6) /gﬂ E, dz + e X/ with &(n,n) > 0 such that lim,_,05(n,n) =0
Here C = C(n) > 0 and K = K(n) > 0, provided that ¢ < &g

Proof. We define the good set to be

={z € By} : Mg, (2) <n°}. (15.1)

By the weak L! bound and Vitali’s covering lemma, we can bound the measure of the complement

of the good set, namely the bad set, by

H'2(By7\G") < C(n)—. (15.2)
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Bounding energy on the bad set. ‘ To check that the third conclusion holds, we introduce an-

other bad set B", defined on the n-dimensional space: it is the set of points x = (v, z) € Bg /4 ><B§742
such that, for some radius r € (0, 5—10), we have Eq(u, V, B"(x), R"2) > 2,
By Vitali’s covering lemma, we can cover 8" with balls Bs,,(x;) such that the balls B, (x;)

are disjoint and E1 (4, V, By, (x;), R""?) > p%. By monotonicity of the energy, the energy on each

dilated ball Bs,, (x;) is at most C (n)rlf"z, giving

n—2
/Bﬂ e.(u,V) < ZC(n)ri

C(n) _ -
< D SR B e B
1

C(n)

<
2
U

E;

(recall that the excess on a ball B, (x) is normalized by a factor r>~"). Since the measure of Bg/_42 \G"

obeys the same bound, it is enough to show that

/eg(u, V) < C(n)

S

for  small enough, where S := (B§/4 x {z}) \ B".

We denote by dz the distance from the vorticity set Z = {|u| < %} As we can see from
the proof of Lemma 14.3.2, its conclusion holds without any rotation in the present situation (as
necessarily energy concentrates along R™2 as 19,9 — 0). Hence, we can assume that, for any

(y,z) € S on this slice, we have dz(y, z) > ﬁ unless |y| < ﬁ.

Given s > ¢, by Lemma 14.3.5 we know that if

dz(y,2),dz(y',2) <s,
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for two points (y, z), (v, z) € S with |y|, || < ﬁ, then

ly—y'| < Cs,

provided that 7, € and ¢/s are small enough. With this observation in hand, we can apply Propo-

—K min{dz(y,z),1/10}/¢

sition 13.2.3 (giving e.(u, V)(y,z) < Ce on S) and the coarea formula to write

c % c
/eg(u, V) < _53/0 e Kt/£|{y € B%/wo s dz(y,z) < t}|dt+ g3e K/(200¢)
S

2

1/100 dz(y,z) < t} is included in a ball of radius

The previous observation says that {y € B
Cmax{t, ¢}. We deduce that the last integral is bounded by

C 2

= e~ Ktlec max{tz, 6‘2} dt < C,
€

0

giving the desired bound

/eg(u, V) < C(n).
S

Bounds in terms of (E1),. Now we establish Dirichlet energy bounds for ®, on the good set,

for yy € C! (B§/4). Given z € G", we can use Remark 15.1.3 to bound

|d®y|*(2)
& 2
<C [/2 (|<2iVer, Ve )| + (1= [u®)|w(e;, ek)l) |aegj¢|}
=12 k=3 |/Bix{z}
(1 - [ul?)?
< Clldy Iz [ / Ve ul? + [ Veul® + —— 2 | (Ey)..
B§/4X{Z} £

Since z € G', we have § = Bg R {z} in the previous argument. Thus, the last integral is
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bounded by C(n). As a consequence,

|d®y[*(2) < C(n)||dYl|7~(E1). forallz € G,

Bounds in terms of E,. | Also, we can use Lemma 15.1.2 (cf. [25, Lemma A.2]) to conclude that

|Te| (B1/2 B?_2(z))

|B7 |

4, (xy0* (2) < 2E; lim +Ce X/,

(indeed, this bound follows by applying Lemma 15.1.2 and its proof with ¢ := y(ax; + bx2) for

an arbitrary (a, b) € S' and using the fact that this i/ is 1-Lipschitz on B? ,, outside of which the

1/22
energy density is exponentially small).

To conclude, we have
T, |(B1/2 X B"%(z)) < |B"?| +/ E, + |B' 2| K/e
B} 2(2)
by Lemma 14.3.6, giving
1d® (v, 20| ?(2) < 2E,(1 + E,) + Ce X/e)

where we can actually replace E, with the excess on the smaller disk B1 PRe {z}, denoted by
EZ(B%/Q). Now, fixing L > 1 large, by an obvious variant of Lemma 14.3.4 we have that E,(B2(y))

is small for all y € B?, (see also the remark below). Since we can cover the set {y € B1 P

1/2
dz(y,z) < Le} with C(n, L) such disks, we infer that

C()

Le

Z(B /2) 5(n,L,n) + ——

N C(n) e—K/(4£)’
£

‘K”El{y € B}, : dz(y,2) <t}|dt
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for some quantity §(n, L, n) vanishing as  — 0. Choosing L suitably large, we deduce that
E.(B] ) < 8(n,n) +e7*)¢

for some quantity §(n, n) vanishing asn — 0. The statement follows by extending h := @ (x, x,)lg,

to a function with Lipschitz constant C(n)n. O

Remark 15.2.2. As a technical remark, a simple continuity argument as in Proposition 14.3.1
shows that the possible need of conjugating the pair (4, V) in Lemma 14.3.4 happens precisely

when the degree of u/|u| along the circle aB%/z(O) x {0} is —1 instead of 1.

15.3 LIPSCHITZ APPROXIMATION OF THE ZERO SET

In this part we collect information about the Lipschitz approximation of the zero set. We use

compactness arguments similar to [80, Sectoin 5].

Proposition 15.3.1 (Zero set is Lipschitz on the good set). Forany o, > 0, there exists no(n, o, §)
small enough with the following property. For (u,V) as in the previous statement, for any n <
1n0(8, 0), the set u=1(0) N (B§/4 x G") is included in a 5-Lipschitz graph hy : Bg/‘f — B2 with the

following estimate:

E
/ lho - % < CO’QU—; +Ce?|log(E2) |2Ey + Ce X2,
B*~

3/4

for C = C(n) (provided that ¢ < ey(n, 0, ) and the energy is < 21 + 19(n, 0, 5)).

Proof. The proof is similar to [80, Lemma 5.3].

‘Lipschitz approximation at scale ¢. ‘ This is essentially the second part of Lemma 14.3.5, but

we present a detailed argument here. Notice that, locally at scale ¢, critical points enjoy uniform

CF estimates in the Coulomb gauge (and thus C* bounds for gauge-invariant quantities): see [62,
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Appendix]. Then around any xg = (yo, z0) € B% 14 % G" with u(xp) = 0 we rescale as follows:

a(x) =u(xp+ex), V:= Proe(V),
where ¢y, . is the map x > xg + ex. The resulting pair (&, V) satisfies

sup E1(@ V. B}y, X By A R"?) <
r<1/(4e)

(where the excess is normalized by a factor r>~"). By Arzela-Ascoli we conclude that, for small
enough 7, (4, V)isCl-closetoa pair (up, Vo) that satisfies the Yang—-Mills—Higgs equations (12.2)-
(12.3) and depends only on the variables x1, x2 (as in the proof of Lemma 14.3.4). As noted in the
proof of Proposition 14.3.1, ug/|ug| has degree +1 on large circles, and u(-, zo)|B§/4

By the main result of [74, 75], we deduce that (ug, Vo) is the standard entire solution of degree

+1, centered to vanish just at the origin. For this solution, we have

|Juo|(0) > 0, (15.1)

where Jug is the Jacobian of ug in the local Coulomb gauge in BY. It then follows that, for small
enough n > 0, we have [Ju(e,e2)| = ¢ > 0. Then, by an application of the implicit function
theorem and the fact that {u = 0} is a gauge-invariant set, we see that {z = 0} islocally a Lipschitz
graph with a (qualitatively) small Lipschitz constant. The fact that the zero set intersects the slice
only at xq follows from Lemma 14.3.5, which says that there is no zero outside a Ce-neighborhood
of xp, while in this neighborhood uniqueness follows from the fact that it holds for ug (see also a

similar argument in the proof of [45, Theorem 4.1]). Hence, for small enough 7, we can define a

function kg : G" — R? such that

{u=0}n (B3, xG") = graph(ho).
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‘ Lipschitz approximation at larger scales. ‘ By the first part of Lemma 14.3.5, we see that given

two points (y,2), (y,z") e {fu =0} N (B§/4 X G") we have

lz-2|<ély—-y'| ifly-y'|>C(nd)e
for a constant § = §(n) > 0 such that
é(n) >0 asny—0.

Together with the previous control at scales comparable with ¢, this tells us that hg is indeed
Lipschitz, with Lip(hg) vanishing as n — 0. We apply the classical extension theorem to build a

Lipschitz extension of kg defined on B2,

Using the soft height bound of Lemma 14.3.2 (note that no rotation is needed

in the present situation, as necessarily the energy concentrates along R"~2), we have
|h| + |ho| < @

for n (and hence ¢) small enough. Using the estimates of Lemma B.0.1 on the good set G" (see

also Remark B.0.3) and the measure bound for the bad set B*;? \ G" we see that

3/4
[ ho=nP< [ ho-hPe [ b
By G By 2\G
E
< Ce?|log Eo|%Es + Ccrz—; +Ce Kz,
n
We thus get the desired conclusion. O

Remark 15.3.2. We remark that the function hg is well-behaved under small rotations, since the
construction also rotates. However, the Lipschitz approximation of the slice barycenters, a priori,

might not behave well under rotations.
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Chapter 16

Harmonic approximation and a

Caccioppoli-type estimate

16.1 HARMONIC APPROXIMATION

In this section we show that the Lipschitz approximation of Proposition 15.2.1 nearly satisfies the
Laplace equation. We achieve this by relating the stress-energy tensor to the slices of I; using
the self-dual discrepancy excess Eo. Then we use this with uniform W2 bounds to show that the
Lipschitz approximation is well approximated in L? by a harmonic function. To begin with, we

state a very well-known lemma.

Lemma 16.1.1. For any v > 0 small there exists T(n,v) > 0 with the following property. Let f be

a function in Wh2 (B}) such that

< 7)|dg ||z,

2 <, df.d
[ vse s ‘/B,ff 5)
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forany ¢ € C! (BY). Then there exists a harmonic function w : B} — R such that

ldw|® < 1, / lw—f]* <.
B}

By
Moreover, if f has zero average, we can choose w so that w(0) = 0.

Proof. The claim follows easily from Rellich’s compact embedding theorem: see for instance [26,

Lemma 6.1]. For the second part, by the mean value property of harmonic functions and f f=0

IR

The function w — w(0) satisfies the conclusion of the lemma. O

one gets that

|Billw(0)] = < C(mlw = fllz2 < V.

Proposition 16.1.2 (Harmonic approximation). Let (u, V) be a critical point of E. as in the previous

section and let h : Bg;f be the Lipschitz approximation built in Proposition 15.2.1 for . Then there

exist constants C(n), K(n) > 0 such that, for any test function ¢ € C;° (Bg/_f, R?), we have

‘ (dh,d)| < C(n7 Ey + VEE; + ¢ 7X/%)||d¢|| .
n—2

3/4

Moreover, given any v > 0, ife™8/¢ < Ey and E is small enough (depending on n, 1, v), there exists a

harmonic function w : Bg/‘f — R? with w(0) = 0 such that

/ dwl? < G, / ()2 (h=c) - wl® < v,
Bn—2 n—-2

3/4 B34

where c is the average of h.

Proof. First, we define the vector field X := ¢(x3,...,x,)e; for any compactly supported test

function ¢ € C° (Bg/_f), and we test (13.4) with {/(x1, x2) X, where ¢ is a smooth cut-off function
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such that ¥ = 1 on B%p and ¢ = 0 outside of B§/4. We obtain

< Ce ™ V*||dg ||,

/ (T;(u,V),DX)
B2 _xB;2

1/2773/4

thanks to the fact that dy/ is supported in the annulus Bg /4 \ B% /2 and the exponential decay away

from the vorticity set Z, which intersects Bg /4 X Bg;f only inside B% /4 X Bgﬁf. Then, since DX is

traceless, we compute

/ (T.(u, V), DX)
B2 xB12

1/27P3/4
n n
2
:—2/ E (Ve,u, Ve u) +¢ E w(e1,ej)w (e, ej) | 0P
Bl 2}B5 ¢ k=3 =1
= ]_

Except for j = 2, the integral of the terms involving the curvature w is bounded by C(n)E1, giving

n
/2 , Z[(Velu, Ve u) + 820)(61, e2)w (e, €2)] 9 @
B#, XB"7

1/277°3/4 k=3

(16.1)
< C(Ey+e7X9) || dg|| .

We now want to relate the expression in the left-hand side with the identity for d®,,, obtained

in Remark 15.1.3, which in particular gives

‘ (A, dg)

B3/4

<C

/B2 pBn-2 i[<2iv‘22u’ VEku) +(1- |u|2)a)(e2, ek)]aekgZS

1/2773/4 k=3

+Ce ™) dg || =,
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or equivalently

Bn2<dd>xxl,d¢>‘

3/4
n
</B2 X B2 Z

1/2773/4 k=3

+Ce ™ I*||dg ||

2

—2u| ol 62)] o0 (16.2)

<C

1
[—(iVeQu, Ve u) +

We observe that the two integrals in (16.1) and (16.2) differ by the integral of

n

Z [(Velu +iVe,u, Vo u) + (a)(el, er) —

k=3

1—Jul®
2

) a)(ek’ 62)] aek¢-

Hence, recalling the definition of E; and using Cauchy-Schwarz, we conclude that

< C(n)(Ey + VELE + e X/%)||dg]| 1.

(@0, d9)

3/4

Repeating the same for ®,,,, we arrive at the same conclusion for @y, ,), integrated against

any ¢ € C° (Bg/_f, R?). To conclude we note that thanks to items (i) and (ii) of Proposition 15.2.1,

_ E
[ bl < colp\ g7 < ¢
By 2\G" n

and, in view of Remark 15.1.3, Cauchy-Schwarz, item (iii) of Proposition 15.2.1 and the assump-

tion e X/¢ < Eq,

1

1/2
/ E
./ |dq)X(x1’x2)| S CVE / e:(u, V) < C—.
By {\G" B2, xBl2\g" n

3/4 3/47P3/4

The second part follows from Lemma 16.1.1, noting that the normalized function h = (E;)"/2h

has Dirichlet energy bounded by C(n) by item (i) of Proposition 15.2.1. O

156



16.2 CACCIOPPOLI-TYPE ESTIMATES

The starting point in the regularity theory of elliptic partial differential equations is the Caccioppoli-
Leray bound, obtained by testing the equation with ¢?u, where ¢ is a cut-off function and u is
the solution. We aim to do something similar in spirit. Here the function that we deal with is the
barycenter of the energy measure at any slice. This suggests that testing the stress-energy tensor

with ¢2x1e; and ¢>xze, is an appropriate choice.

Proposition 16.2.1. Let (u, V) be a critical point of E, as in the previous section. For any o > 0 there

exist g(n, o) and t9(n, o) small enough such that the following Caccioppoli-type estimate holds:

-2 ¢2 (Z) (El)z dz

3/4

<C / (x? + x2)ec(u, V)AP? + C(02Ey + e X/%) || D2 | o,
B2 XBL 2

1/27P3/4

for any test function ¢ € C° (Bg;f), where C = C(n) and K = K(n, 0).

Proof. First, we define the vector fields

S 2 X} + x5 2
X = Z o P“(x3, ..., %) 5 e, Y :=¢“(x3,...,x,)(x1€61 + x0€2)
k=3

and we calculate their derivatives:

n
DX = - Z 8Zj,ek¢2(x% +x3)e; ® e; + Z 0e 2 (X161 ® €] + Xoe) ® €})
3<j,k<n k=3

n
DY = ¢2(el Qe +er®ey) + Z aek¢2(xle1 ® e[ +x2e2 ® €).
k=3

Then we test (13.4) with yX and yY, where y = y(x1,x2) is a smooth cut-off function such that
x=1onB?,and y = 0 on B% \ B2,,. We note that the terms containing dy are supported

1/2 3/4°
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in (B 3/ \ B /2) X Bg/f, where |T.(u, V)| < C(n)e.(u, V) is very small by the exponential decay.

Hence,

/ (T.(w, V), DY) — (T.(u, V), DX)| < C|[D?$ e I
B2, _xB' 2

1/27P3/4

Using the previous expansion of DX and DY, together with the symmetry of T, (u, V), we see that

the above integrand equals

1

5 2 TV e)d o 6 +x3) = 3 To(w. V) (e e))d”
3<jk<n Jj=12
x%+xg 2 * 2 % 2 2
=3 e.(u, V)Ap~ — 2 Z (Vu'Vu + e“0’ ) (ej, ek)aej,Equ

3<j,k<n

=2 e, V) = [Vo,ul* = [Vopul* = > Y ol e)?| ¢

j=1,2 k=1

By the Modica-type inequality (13.2), the last expression multiplying —2¢42 is bounded below by

|u| ?)? S
Z |V, u |2 6‘260(61,62)2 > Z |Veku|2 + & Z w(ej, ek)2

k=3 (k)#(1,2)

(where the last sum is over all pairs (j,k) # (1,2) with j < k), which is the integrand in the

definition of E;. Hence, combining the previous bounds, we arrive at

[, #eE.d
B2 xBL 2

1/27P3/4

2 2
X7+ X
< / L (1, V) A
B2 B~ 2 2

1/27P3)4

+C 2 2 T Z (Vu Vu+eo a))(ej’ ek)aejaek¢
B _xB";

1/27°3/4 3<j,k<n

+C||D?*¢||p~e .

158



Now, by the soft height bound, we can assume that the vorticity set Z intersects B% /9 X Bg/_f in

a small cylinder B2 x Bg/_f; the conclusion follows by exponential decay, up to replacing K with

another constant K(n, o). O

Remark 16.2.2. In the statement of Proposition 16.2.1 we can replace the first term of the right-

hand side as follows:

F@OELd<C [ =) - e)lew)Ad

_ 2 —2
374 By 9%B3);

+C(0”E1 + ) |D*$ ||,

provided that |¢| < Co for C = C(n). The proof is essentially the same.
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Chapter 17

Proof of decay of the tilt-excess

In this section we prove Theorem 10.3.2: roughly speaking, we prove that Ej, the first part of the
excess, decays up to scales where it becomes comparable with 2. We will deduce this from the

excess decay property of harmonic functions, stated in the next elementary lemma.

Lemma 17.0.1. Given a harmonic function w : B}(0) — R, we have the decay estimate

S;}()O) [w(x) = w(0) = dw(0)[x]| < C(n)p°|ldwll;2, (17.1)

for p € (0, %)

Proof. By a Taylor expansion, the left-hand side is bounded by the quantity §||D2w|| L=(B! )

which is bounded by C(n)p?||dw||;2 by the mean-value property of harmonic functions. O

17.1 PROOF OF THE EXCESS DECAY IN THE CASE OF SMALL |dw(0)|

First, we prove Theorem 10.3.2 when the harmonic approximation has |dw(0)| < &, for a small

5 > 0 to be chosen later. We dilate the ball B} to B"_ (and replace ¢ with ¢/ V2), in such a way

n
e
that it includes B% X BT'Q; we also assume that S = R""2 in the statement.
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Let c be the average of h on the ball Bg/_f. The construction of h shows that

lc| < Co+Ce X/t < Co

for € small enough (depending on n, o).
We apply the Caccioppoli-type estimates in Proposition 16.2.1, with x; — ¢; and x2 — ¢ in
place of x; and x9, see Remark 16.2.2. Taking ¢ € C?(Bgf) to be a cut-off function with ¢ = 1

on B;’)_z and |[D%¢| < C(n)p~2 we get

$°(2) (Ey), dz

By 2

<c / e, V) [(x1 — 1) + (2 — )]
B2 xBI 2

The contribution of the bad set Bg;f\ G" can be bounded using the soft height bound of Lemma 14.3.2

and energy estimate on the bad set (item (iii) in Proposition 15.2.1), obtaining

/Bz eo(u, V)[(x1 = c1)? + (x2 — ¢2)?] Ap?

1 2%(By2\G™)

E
< Cp (o + e_K/E)—;.
n

On the good set G", we apply Lemma B.0.2 to estimate the second moment of good slices as

follows:

/ e:(u, V)[(x1 — c1)® + (x2 — c2)*] Ap® — / %09 Ag?
Bf/QxQ’/ Gg"

(17.1)

<Cp? [52| log E2|2Eé/2 +0°Eq + |h—c|® + e_K"/E]
Gn
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(see also Remark B.0.3), where h is the Lipschitz approximation obtained in Proposition 15.2.1

Note that the term containing vy disappears once integrated on Bg;Q, as v is a constant and A¢?

has zero integral.

Combining the previous bounds, we arrive at

P (E), dz
3/
< Cp_2/ |h—c|?
Bg;Q
E E
+Cp2 | (o + 52)—; + (1 + —;) e Kle 4 2 logE2|2E;/2 .
n n

Assuming e X/ < E;, we now apply Proposition 16.1.2 and Lemma 17.0.1. Since ||(h — ¢) —

\/E1w||%2 < vEq, we have

n-2
By

/ |h—c|? < 2vE; + 2E; / |w|? < 2VE1 + CE; (p** ("2 4 §2p2+(n=2)y,
B

n—-2
2p

Thus, for some C = C(n) and K = K(n, o), we get

p>" / Ei(2)
B2

< CE1(p™™v+p2+6%)

E E
- 2, 2y&1 11 -k 2 2pl/2
+Cp™" (o +£)—’72+(1+—’72)e /¢ + €2 log Es| E)7|.

We now choose 7, p and, subsequently, 8, o, v to be small enough. The claim follows (with the

same plane S = R""?) once we assume that E; is small enough.
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17.2 TILTING THE PICTURE

In the general case, before using the Caccioppoli-type estimate, we need to tilt the picture slightly
to ensure that |dw]|(0) is small enough. We assume that R"~2 minimizes E(u, V, BY,).

Consider a rotation R € SO(n) bringing R"~2 to the graph of the linear map VE;dw(0). Since
w is harmonic with the bound ||dw||;2 < C, we have |VE1dw(0)| < CVE1. Hence, we can find R

such that
IR—1I|| < CE}*, ||(Pgn2 0o R—=1I) 0 Paa|| < CEjy, (17.1)

for a dimensional constant C = C(n): indeed, calling S the graph of VE1dw(0), using the spectral
theorem we can find an orthonormal basis {3, . ..,v,} of R*~? such that the vectors Ps(v;) form
an orthogonal basis of S, so that (Ps(v;),v;) = (Ps(v;), Ps(v;)) = 0 for i # j. Thus, Pgn-2 o Ps(v;)

is parallel to v; and
Ps(v)) _ (VEidw(0)[oi], v;)
[Ps(@)| 1+ E1]dw(0)[v;] |2

(under the identification R*~2 = {0} x R"72).
We extend {vs,...,0,} to an orthonormal basis {v1,...,v,} of R". The desired rotation is ob-

tained by sending v; to IIIZZEZ{;I for i > 3 and vy, 0o to suitable unit vectors v1 + O(VE1) and 0o +

O(+/E1), obtained for instance via the Gram—-Schmidt algorithm on the collection { éi EZ;; s |§z EZ:% , 01,02}

For i > 3, since |Ps:v;| < CVE| we have |Psv;| > 1 — CEq, and hence the previous formula gives
R(v;) = R(0,v;) = (\/E_ldw(O)[vi],oi) +O(Ey) fori> 3. (17.2)

Then we define the rotated pair (4, @) as follows:
i:=Ru V:=RV. (17.3)
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First we prove that the excess changes proportionally after this rotation.

Lemma 17.2.1 (Tilted excess estimate). There exists a dimensional constant C(n) such that, for a
pair (u, V) as in Theorem 10.3.2 with small enough 19, ¢y > 0 and a rotation R as above, the tilted

excess is bounded by the initial excess; more precisely,
Ei(4,V,B"R" ) < CE,, E»(&,V,B",R"?) < CE. (17.4)

Proof. Take an orthonormal basis ey, es,...,e, for R"” such that {es,...,e,} is an orthonormal

basis for R"™ 2. Then, recalling the definition of the excess E;, we have

Ei(4,V,B, R"2) = /
B

n

n
|VReku|2+ Z cho(Rej,Rek)2
1 |1k=3

(k)#(1,2)
< CE1 +C||R = I||?E.(u, V)

< CE;.
The second line above follows from the elementary bounds
Ve, = Veul < |[R=1I||[Vul

and

|w(Rej, Rex) — w(ej, ex)| < 2|IR = If|w].
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We estimate Ej in a similar way:

Es (i, V, B!, R"2)

R 1 Juf?[
= |Vre,u + iVge,u|” + |ew(Req, Rea) —
B! 2¢
< CEs +C||R = I||?E.(u, V)
< C(E1 + EQ).
This is indeed the desired conclusion. m]

Then we claim that the Lipschitz approximations h and h are approximately a rotation of
one another. To do this, we first notice that the Lipschitz approximation hg of the zero set in
Proposition 15.3.1 (applied with § = o) behaves well under rotations: take kg to be the function
whose graph is obtained by rotating of the graph of kg by R~! (cf. [80, Section 8.2]). For z in the

domain of hy, there exists 2’ € B§742 such that

(ho(2),2) = R (ho(2), 7).

Since ||(Pgn-2 © R —I) o Pgn-2|| < CE; and |hg| < o, we have |z’ — z| < CE; + CVE 0. Moreover,

we have Lip(ho) < o, giving |ho(z) — ho(2z)| < CVEo. Thus, assuming VE; < o,
(ho(2), 2) = R™' (ho(2), 2) + O(E, 0);
recalling (17.2), we see that R(0,z) = (VE1dw(0)[z],z) + O(E1|z]), so that
ho(z) = ho(2) — VE1dw(0)[2] + O(VE10), (17.5)

with an implicit constant C(n). Note that ho can be taken as a Lipschitz approximation of the
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zero set of the tilted pair: in order to have the conclusion of Proposition 15.3.1, the only property
that we care about is that its graph covers the zeros of u, except some exceptional ones projecting

on a set of measure at most C (n)%, and this holds for the rotated graph.

17.3 PROOF OF THE EXCESS DECAY IN THE GENERAL CASE

Now we can use (17.5) and the L? bound from Proposition 15.3.1 to conclude the proof of the

tilt-excess decay theorem in the general case.

Proof of Theorem 10.3.2. Recall that R"~2 minimizes E1(u, V, B%, -). Let h be the Lipschitz approx-

imation of the barycenter (built in Proposition 15.2.1) for the tilted pair (z, V). We have

|h(z) — (h(z) — VE1dw(0)[z])]

< |h = hol + b = hol + [ho — (ho = VE1dw(0) [2])].
We combine the main estimate of Proposition 15.3.1 and (17.4)—(17.5) to see that

[ 1@ = (h(2) = B P 2D

1/2
) (17.1)

<C (:—2 + 02) E; + Ce?|log E|*E + Ce X/¢.
We assume in the sequel that
2| 1og E|%E, e K/ < 6%E,,
so that

~ 02
/M |h(z) - (h(2) — E;dw(0)[2])|* < C (’7—2 + 02) E,.

1/2

166



Now, taking the harmonic approximation for the tilted pair to be w, we can see that

[ B0 - B0 - dw0) D P dz
Bn—2

1/2

sC/ [1h—EY2 w2 + |h - By )% + |h(z) - (h(2) — EYdw(0)[2])]*]
Bn—2

1/2

0.2
<C(V+—2+O'2)E1
n

(the last line follows from E; < CE1, as we saw in (17.4)). Since
B, *w(z) — B} (w(z) - dw(0)[2])

is harmonic, its differential at the origin

~1/2
|E;

0.2
dw(0)]* < C (v +—+ 02) E;.
n
Since E; > Ej, this tells us that |[dw(0)| can be made arbitrarily small, reducing to the previous

situation. O

Remark 17.3.1. In all the results obtained so far we were assuming that the center of the ball
(or cylinder) belongs to the zero set, but actually they also hold if it belongs to the vorticity set
Z = {]u| < %}, since this is enough to guarantee that it belongs to the support of the energy

concentration measure in compactness arguments.
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Chapter 18

Iteration arguments and Morrey-type

bounds

18.1 PROOF OF THEOREM 10.3.7: THE CASE OF CRITICAL PAIRS FOR
2<n</4
We prove the following theorem, which is the first part of Theorem 10.3.7.

Theorem 18.1.1. For2 < n < 4, there exists 7o(n) > 0 such that the following holds. If (u, V) is an

entire critical point for the energy E1, given by (12.1) for ¢ = 1, with u(0) = 0 and the energy bound

lim
(o)

1 1
Vul? + |Fy|? + = (1 = |u]?)? < 21 + 10, 18.1
Iy |B;;—2|/B;;[' 2+ 1E P+ 501~ ul?) ) (18.1)

then (u, V) is two-dimensional. More precisely, we have (u, V) = P*(ug, Vo) up to a change of gauge,
where P is the orthogonal projection onto a two-dimensional subspace and (ug, Vo) is the standard

degree-one solution of Taubes [74] (or its conjugate), centered at the origin.
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Proof. We can assume n € {3,4}. First, we claim that it is enough to show that

Jim R? min Ei(u,V,B,S) = 0.

Indeed, once this is done, we have

R4—n /
B®

n
|Ve§u|2+ Z w(eaR,e§2 -0
R | a=3

(ab)#(1,2)
as R — oo, for a suitable choice of planes S(R), where {ef, ...,€R} is an orthonormal basis such
that S(R) is spanned by {e§, ...,eR}. Extracting a limit S(R) — S along a subsequence and

assuming without loss of generality that S = R"~2, the fact that n < 4 and Fatou’s lemma give

n
/ Z|V€au|2+ Z a)(ea,eb)2 =0.
R? a=3

(a,b)#(1,2)

As in the proof of Lemma 14.3.4, this implies that (u, V) depends only on the first two coordinates
up to a change of gauge, and the conclusion follows from the classification of planar solutions by
Taubes [74].

We now turn to the previous claim. By Proposition 14.3.1, we have

i),
— e.(u,V) = 21
1By | Jy

as R — oo, as well as

E(u,V,B,S(R)) — 0

for suitable oriented planes S(R), up to conjugating the pair. Arguing as in the proof of Propo-
sition 14.3.1, we see that S(R), viewed as an unoriented plane, has vanishing distance from any

unoriented plane S minimizing E; (u, V, B, S); hence, we can assume that S(R) minimizes E; on
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BL.

The proof now becomes an elementary iteration argument. In Theorem 10.3.2 we first fix
p € (0,1) such that Cp?> < p and then 7 and gy accordingly. Let C’ > %. Without loss of

generality we can also assume that
Ei(u,V,B% S(R)) >0, E(u, V,Bg S(R)) € (0,1)

are small enough to allow applying Theorem 10.3.2 on By, (by rescaling our pair), for all R > C".

For every k € N let us define the minimum excess on each ball B ,-«:
E1(k) :=E1(u,V,Bp -, S(C'p7Y)).
Then Theorem 10.3.2 gives

either E1 (k) < pE{(k +1)

(18.2)
or E1 (k) < max{p%|log E(k + 1)|*VE(k + 1), e X7 ™},
where E(k) := E(u, V, Bov -, S(C’'p~%)). By Proposition 14.3.1, we have
klim E (k) =0, klim E(k) = 0. (18.3)

In order to iterate (18.2), we define
f(k) :=logEq (k) + 2k log p~*
and
g(k) := max {2log |logE(k +1)| + %log E(k +1), —Kp_2k + 2k log p_l} .
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Then (18.2) can be rewritten in terms of the functions f,g : N — R as
fR) < fk+1) =2 or f(k) < g(k),
where 1 := 3log p~!. Condition (18.3) also means that
lim f(k) = 2klog p™! = —co,  lim g(k) = —oo.
We claim that if f, g satisfy (18.4) and (18.5) then

f(k) < sup[g(m) — A(m - k)].

m>k

We prove this by contradiction: assume that there is some index kg such that
f(ko) + A(m — ko) > g(m) forall m > ko.
In particular we have f (ko) > g(ko), so that (18.4) and (18.6) give
flko+1) = f(ko) + 24 > g(ko +1).
By induction, we see that for all m > kg

f(m) = f(ko) + A(m — ko).
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Taking the limit m — oo and noting that A > 2log p~!, we obtain

fko) < lim [f(m) —A(m — ko)]
< r%i_rgo[f(m) —2mlog pt] + 2k log p~*

= -0

5

where we used (18.5) in the last equality. This is a contradiction, proving our claim.

As a consequence, we have

f(k) < sup[g(m) = A(m = k)] < sup g(m).

m>k m>k

Since limg_,o, g(k) = —co by (18.5), we deduce that
klim f(k) = —c0.

In other words, we have p_QkEl (k) — 0, as desired. O

18.2 PROOF OF COROLLARY 10.3.4 AND THEOREM 10.3.5

Givenany n > 3 and (u, V) as in Theorem 10.3.5, for any 1'6 > () a standard compactness argument

shows that
1

|B*2| JB,(x)

(1, V) < 27 + 1))

forallx e Zn Bg andr = %, provided that 75 and ¢( are taken small enough, and hence also for

/4

r< % by energy monotonicity.
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This, together with Proposition 14.3.1, implies that, for some oriented planes S(x, r),
E(u,V,B,(x),S(x,r)) <6

for some § > 0 to be chosen momentarily and C(n, §)e < r < %. As in the previous proof, we can
assume that S(x, r) minimizes E; on the ball B, (x).

Given a € [0,1), we first fix p such that Cp? < p?* where C is the constant appearing in
Theorem 10.3.2. We now choose 8, rp small such that Theorem 10.3.2 applies on each ball B, (x)

withx € Z N Bg /4> COmpare with Remark 17.3.1. We then consider

1
max{Me, /1) < r < = (18.1)

oo

where M chosen large enough to ensure that

[\

_ £
e Kr/f< <

~
N

ife/r < 1/M. Applying the scaled version of Theorem 10.3.2 (with ¢ replaced by ¢/r), and noticing

that supg.,<s | log 8 |261/2 < 1, we finally obtain that either

or
2

Ei(x,r) :=Ei(u, V,B:(x),5(x,r)) < 8—2 <r?
»

This immediately implies

Ei(x,r) < C(n,a)r*® forallx € Zn Bg/4 and any radii satisfying (18.1).
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Moreover, if S(x, r) is different from S(x, r’), for some r’ € [r, 2r], then we can find an orthonor-
mal basis {ey, ..., e,} such that {es,...,e,} spans S(x,r) and ey belongs to the span of the two

planes, namely e2 = v + w with v € S(x,r) and w € S(x, r’), with the bound

|U| + |W| < C(n)”PS(x,r) - PS(x,r')”_ls

as the next simple lemma shows.

Lemma 18.2.1. Given two different planesS,S’ € Gr(n, k), there exists a unit vectore € (S+S")NS*

such thate = v +w, withv € S, w € §’, and |v|, |w| < C(n)||Ps — Ps||~'.

Proof. We can assume that S+ S = R" and SN S’ = {0} (otherwise we work on (S N §)1),
so that n = 2k. We can also assume without loss of generality that ||Ps — Ps||,, < c(n) for a
constant c¢(n) > 0 to be determined momentarily, since otherwise the statement follows from an
immediate compactness argument (using the fact that, if 5; — S and S} — S(,, then each unit
vector in Se, + S}, has vanishing distance from S; + S;., even when the former sum has smaller
dimension).

It is elementary to check that the statement holds when k = 1: in this case, calling 0 € (0, 5]

the angle between the lines S and ', we have ||Ps — Ps/|| = V2sin 8, and we can find vectors as
in the statement with |v|, |[w| < Sirll 7
Let e be an eigenvector of Ps — Py, corresponding to an eigenvalue A with 0 < |A| = ||Ps —

Ps|lop < c(n). Then

Psé — Pg/é = )¢,

so that in particular Pse, Psse # 0 and

PsPgé = (1 — A)Pgé.
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Similarly we have

P Pse = (1 + )L)Ps/é.

From the equation

(Ps Pse, Ps:e) = (Pse, Psre) = (Pse, PsPge)

we deduce that

1-A
|Psé|?.

Poél? =
IPsél 1+A

In particular, calling 0 € (0, 5] the angle between the vectors Psé and Py ¢, these identities easily

give

We now take

Z = span{Pse, Ps:é},

which is a two-dimensional plane. By the case k = 1, we can find

e€Z, vespan{Pse¢}, w € span{Pse}

such that e L Psé is a unit vector and |o|, [w| < A71. In order to conclude, it suffices to check that
e L S. Writing

e = aPse + fPse,

we have

Pse = aPse + ﬁpsps/é = [0{ + ,5(1 - A)]Psé.

Since e L Pge, we have

0 = (aPsé + pPsé, Psé) = a|Psé|® + B(PsPs&, Psé) = [a + B(1 — 1)]|Psé|>.
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Since Pse # 0, we have a + (1 — 1) = 0, proving the claim. i

Since E(x,r) < §, we have

p2n / e.(u, V)
By (x)
n

<C(n)5+C(n)r2—"/ Do Vel + ) foleje)?|.

B, (x) | 1= (k)

Since the left-hand side is close to 2, and in particular larger than 7 (for r > Ce¢), using the

previous fact from linear algebra for the term V,,u we obtain
1< C(m)[E1(x, 1) + E1(x, )] ([Ps(xr) = Psgern |72 + 1),

and thus, since ||Ps(xr) — Ps(x) |l < C(n),

1Pser) = Psierll < COVEL (e ) + E1 (6 7) < Clm, ). (18.2)
As a consequence, summing over dyadic scales, we have

”PS(x,r) - PS(x,s) ” < C(n, 0{) max{r, S}a

for max{C(n, a)e, e/ +¥} < r,s < %.
A similar argument works varying the center: for two different points x, x" € ZNBj e looking
at the balls B, (x) C Bo,(x") with r := |x — x’|, we also have
IPs(xry = Psgxrn |l < C(n, @)r”, (18.3)

provided that r = |x — x’| € [max{C(n, a)e, e'/(1+®}, %].
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Actually, the previous proof gives some extra information, which will be crucial in the sequel.

We record it in the next proposition.

Proposition 18.2.2. Up to a rotation, we have ||Ps(y ;) — Pgn-2|| < y for anyy > 0 fixed in advance

(up to decreasing €y, 79), for allx € Z N B§/4 andr € [C(n,y)e, %].

Proof. Let C be the constant in the excess decay statement, fix p such that Cp? < p and fix 7y and

e accordingly. Letting r¢ := p¥, the first inequality of (18.2) gives that

IPes1 — Prll < CVEq(x, rg).

Iterating we get that

-1
1P = Pell < C(m) D VEi(x, 7))
j=k

< C(n)VE1(x,re)(1 +p1/2 +p+...)
< C\/El(x, rk)

aslong as Eq(x,r;) > i—; for j=0,...,£—1andr, > Me =: 7 where M is a large constant that we
j

[

will fix at the end. Hence, if we call ry, > --- > ry,, > 7 the possible radii where E;(x, ry,) < f—z,
kA

we deduce that

1P, = Poll < Cmax{vE1(x,70), VEL(x, 7%,)s - - -, VE1 (x, Ty ) }
<C [\/El(x, ro) + ;]
\/El (x, }”0) + %

<C

Also, Py can be assumed arbitrarily close to R"~2 by a simple compactness argument (similar to

the proof of Proposition 14.3.1). Since 4/E;(x,r9) and 1/M can be taken arbitrarily small, the
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claim follows. m]
The same proof gives the following.

Proposition 18.2.3. Foranyx € Z N B§/4 andr € [C(n)e, %], we have

2
Ei(4,V, B,(x), R") < C(n)Ex(w, V, B1(0),R"2) + C(n) 5.
.

We now prove Corollary 10.3.4.

Proof of Corollary 10.3.4. We have already seen in Proposition 14.3.1 that the energy on Bg is

asymptotic to 27R""2. We can then apply Proposition 18.2.2: for any y > 0 we have

IPsco.r) = Psco.rll <y

for R < R’ large enough (we use Proposition 18.2.2 after scaling the picture down by a factor
(R)™1). We deduce that the limit
lim S(0,R)

R— o

exists. O

Proposition 18.2.4. Up to a rotation, the vorticity set Z := Z N [B%/2 X B'll/_22] is included in a

C(n, y)e-neighborhood of the graph of a C' map

. pn-2 2
f.B'l’/2 — B,

with Lip(f) <y, if we assume that 7y and ¢y are small enough (depending on n,y).

Proof. Indeed, as seen in the proof of Proposition 14.3.1, for ¢ small enough we have u(-,z) # 0

on an /2 for all z € B’1722, and the degree of (u/|u|)(-,z) is =1 on this circle. Hence, each slice

B? 19 X {z} intersects the zero set.
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Moreover, using Lemma 14.3.2 on B;(0), we see that Z C B)% X Bg’/_zz Also, Lemma 14.3.2

implies that for all x € Z N Bg/4 and r € [C(n,y)e, %] we have

Z N B, (x) C By, (x +S(x,1)), (18.4)

where By, (x + S(x, r)) is the yr-neighborhood of the affine plane x + S(x,r). We now take a col-

n—2

lection of points {z;} C B1/2

with pairwise distance at least C(n, y)e and B’11722 c Uk ng%n,y)g(zk).

For each k, we fix a point x; = (yk, zx) € Z. We then see that
lyx — y;jl < Cylxk — x;1,

thanks to the previous observation applied with r := 2|x; — x;| and the fact that S(x,r) is y-
close to R"2 (for |x; — xj| > %, this follows just from Lemma 14.3.2). Hence, the assignment
zr > yi defines a C(n)y-Lipschitz function, which we can extend to a C(n)y-Lipschitz function
f: BT/_zz - B%. It is easy to check that (a regularization of) f satisfies the desired conclusion,

completing the proof. O
We are now in position to prove Theorem 10.3.5.

Proof of Theorem 10.3.5. Letn > 0 small such that Proposition 15.2.1 applies. We first remark that
the previous points x; can be taken such that u(x;) = 0 and zx € G". Indeed, by Proposition 18.2.3,

we have

E1 (4, V, B,(x),R"?) < ¢(n)n?

for all points x € Z N B} /4 and radii r € [C(n)e, %] (by taking ey, 7o suitably small). We can apply

this with r := Me; by Proposition 18.2.4 and exponential decay of energy away from Z, we have

r2_”/ (Eq); < c(n)r72 +e KM « 20(71)172
Bn—2

r/2 (Z
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once we take M = C(n) large enough, for any z € B’1722 Once we take c(n) small enough, by the
weak L! bound we can then find

Z e B;’/—f(z) ngG"

(where we use slices of radius % in the definition of G7), showing the claim.

As a consequence of Lemma B.0.1, we deduce that

|h(zk) = yil = [h(zk) = ho(z)| < e.

We immediately deduce that Z is included in a C(n)e-neighborhood of the graph of h, which is
the only consequence of the claim which we will use in the sequel.

Now let p := max{Me, e'/(1+®} (with M as in (18.1)) and consider another finite collection of
points {z;} C B'11722 such that the balls B%‘z (zx) are disjoint and the dilated balls BZ%Z(zk) cover

B’1’722 Let xx = (yx, zx) be a point in Z for each k.

On B;’Oﬁ(xk) we consider the Lipschitz approximation hj built with respect to the rotated

picture, obtained as a graph over Sy := x; + S(xt, 10p). When viewed as a graph over R"2, it
becomes a function hy defined on the slightly smaller ball Bng)Q (zk).

By a scaled version of Proposition 15.2.1, we have
/ |dhk|2 < CIBH—2E1 (U, V, BrllOﬁ(xk)’ S(xk’ 105)) < C,Bn_2+2a,
3305/4(xk)ﬂ5k

In particular, by Poincaré,

/ Ihe — () < Cp™2e.
Bg()ﬁ/4 (k)N Sk

180



Now, as in (17.5), we observe that

| (2) = hi(2) — Ak (2)] < C/_?\/E1(u, V., B} 5 (xk), S (xk, 10p)) < cp'te

for a suitable affine function Ay (where, with abuse of notation, hi(z) means hy composed with

the isometry R"~2 — §;). Combining these two bounds, we get

/ |hk —A |2 C—n+2(x
ngz(lk)

for another affine function A;C.

We now take a partition of unity ¢, subordinated to the cover {B 2(z)} and we let

f = Z (pkflk.
k

Since the zero set is within a Ce-neighborhood of the graph of A (on the set B1 /2 Bg;__f(zk)), we
deduce that

|flk - ﬁk'l < Ce

on ngQ(zk) N Bg/:)2 (zxr). Thus, we also have
|Ax — Ap| < Ce+Cp™
whenever BZ/%Q(zk) N BZ/__)Q(zk/) # (0. Since ¢ < p'*%, this allows us to conclude that

/ |f A |2 C—n+2a
By-2(2)

for any z € B" 7, for a suitable affine function A, depending on z.

1/2’
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Thus, taking a standard mollifier Xz setting
g=xp*f
and using the previous bound, we deduce that
|dg - dA.| < Cp* on BL*(2),

and in fact

[dg] CO’“(B%_z(Z)) < C.

Finally, recalling that dA is the slope of the plane Ps(y, 105), we also have
|dAx — dAy| < Clzg — zp|*
by the Holder continuity (18.3), while
|dA, — dAi| < Cp* forz e ngz(zk).
From these bounds, we easily deduce that
dg(2) - dg()] < Clz—Z|* for|z—Z| > B,

completing the proof of the C1:* regularity of g. Since |g — f| < Cp, it follows that the vorticity
set is included in a Cp-neighborhood of the graph of g.
It is clear from the proof that we can actually make [dg] o« arbitrarily small, up to decreasing

70 and &. O
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Chapter 19

Constructing competitors for local

minimizers: a good gauge

In this section we prepare the ground to construct competitors for minimizers and to show that
the full excess decays as long as it is above ¢, for any f > 0, giving a proof of Theorem 10.3.8.
To investigate minimizers, we construct competitors with the same boundary conditions and
compare the energies to show that the excess E is effectively approximated by the Dirichlet energy
of the harmonic approximation.

To do this, we need to construct competitors modeled on graphs in the interior and then glue
them to the boundary condition, while controlling the error terms. We pullback the e-rescaled
degree-one solution along the graph of the Lipschitz approximation, as obtained in Proposi-
tion 15.2.1. Then we gauge fix in balls of size ¢| In ¢| and, using the estimates at that scale, we
define a global gauge by a partition of unity. In this gauge we can interpolate between the intial

pair and the new one with good estimates.
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19.1 THE PULLBACK PAIR

Here we introduce the pullback pair (uf, V) whose zero set is prescribed to be the graph of a
Lipschitz function f : B" 2 — B%. We prove that the excess of these pairs are well approximated

by the Dirichlet energy of f, as in the following proposition.

Proposition 19.1.1 (Constructing the pullback pair). There exist small constants no(n), eg(n) > 0

with the following property. Given any ¢ < &y and a Lipschitz function f : B'll_2 — B%/Q with

Lip(f) = n < no, there exists a pair (us, V¢) obeying the following estimate:

1

2 -2
21 B2xB"

_ pn=2 2 |df|? —K/e
e.(up, Vi) = By | + (1 +0(n%)) —— +0(e "),
B2 2

with implicit constants C(n). Moreover, we have that

u7'(0) = graph(f).

Proof. To construct (uy, V¢) we pull back the planar degree-one solution of Taubes [74], via the

map Q, : B X B""2 — R? given by

(x1, x2) _f(xS’---,xn).
£

Qs(x) =

Then we define (us, V¢) by

(ur, Vi) := Q; (uo, Vo), (19.1)

where (ug, V) is the degree-one solution in [74] with uy(0) = 0 (unique up to change of gauge).
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First, we note that, since

dQE(x) [ek] = _aekﬁ (x3s cees xn)el - aekf’l (x3s cees xl‘l)er
we have the following identities for k = 3,..., n:

|(V)kurl? (x) = €100 i (Vo)er o + 9 f2(V0)es o] (Qe(x))

P! 2
:€_2|kf| |
2

(19.2)
Vouol? (Q:(x)),

where we omitted the argument of f and we used the fact that (Vq),,ug = i(Vo)e, 4o for solutions

of the vortex equations (13.2). We also have

[(VP)eatir? (x) + 1(Tp)eo s 2 (x) = €% Vouol* (Qe(x)) - (19.3)

We also compute for the curvature term —iwy := Fy, = Fg:(vy) = Q; (Fy,) that

> Coplee)?(x) = e wnlen ) (Qe(x) 10 fI12 forj=12k>3,  (19.4)
j=1,2

and moreover

wp(e, €2)*(x) = £ 2w (e1, €2) (Qe(x)), (19.5)
as well as

wple e)’(x) < e 2df[*wo(e1, e2)? (Qe(x)) for3 <k <t<n. (19.6)
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To compute E.(uy, V), we use (19.2)—(19.6) to see that

/ e.(u,V)

B2xB72

) /B / e (o, Vo) (Qe() (1 14 ", o(ldf|4)) + O(e‘K/E)]
=27 ||B}7?| + /3'1'2 @ +O(ldf1Y | + 0(e7K/).

In the above display we used the exponential decay from [51, Chapter III, Theorem 8.1]:

/ e1 (o, Vo) = O(e™X1%).
R2\BY 5,

Recalling that |df| < n we get the desired estimate. O

19.2 CONSTRUCTING THE INTERPOLATION GAUGE

In this section we find a gauge transformation (u, V) — (ei‘fu, V —id¢) for which the new pair is
L2-close to the pullback pair (up, V) constructed in Proposition 19.1.1, where h : B’{‘Q — B%/Q
is the Lipschitz approximation built in Proposition 15.2.1. Since this is the most technical part of
the thesis, we provide an overview of the arguments.

To begin with, we cover the vortex set with cylinders of the form {ngglngl(yk) X
ng? (xk)}JkV:1 with x; = (yr, zx) € R? x R"2 such that Bgaf (zx) is a Vitali cover of B’f_‘2 (see
Figure 2.2). Then we name a cylinder good if the excess on it is small, and bad otherwise. We also
define a partition of unity, subordinate to this cover, with derivatives at most Ce™ ..

In each cylinder we pass to the Coulomb gauge, via a function & with mean equal
to the mean of 6, — 6 on an appropriate annulus away from the vortex set (note that 6 — 6y, is

well-defined far from the vortex set of both u and uj,) Then we use Gaffney- and Poincaré-type

inequalities from Appendix C to derive estimates for e’ u —uy, and (a+d&;) — a, where we write

186



V = d — ia. Far from the vorticity set we modify the gauge so that e**u and u;, have the same
phase. Then we use the exponential decay away from the vortex set, which is where the error
¢# comes from; however, this will be enough to show the classification result in all dimensions,
since we are free to take f arbitrarily large.

We use the estimates on (@+d¢) —ay, (and the mean condition) and Poincaré—Gaffney-
type inequalities from Appendix C to bound &; — & on overlapping cylinders.

We patch together the & s with the partition of unity defined in the first step to obtain

the function £. Then we use the bounds on &; — & to derive estimates on (a+d¢&) —ay, and e™*u —uy,.

Proposition 19.2.1 (The interpolation gauge). For any > 0 there exist to(n, f), eo(n, f) > 0 and
Co(n, B) > 0 with the following property. Let (u, V) be a critical pair for E, on R", with u(0) = 0,

¢ < €, and the energy bound
=1
—_— e.(u,V) < 21+ 19.
1By 721 Jry

Moreover, let h : B’{‘Q — B%/Q be the Lipschitz approximation defined in Proposition 15.2.1 (for a

suitable n chosen later on) and let (up, Vi) be the pullback pair constructed in Proposition 19.1.1.
Then, on a given annulus

_9 ., =n-2
Ags =B2x (B"-2\B, )

s+0

with § € [Cye, %] ands < %, we can find a gauge transformation
(u, V) > (eu, V - idd),

via a smooth function & : A s — R such that:
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(i) letting P : R® — R"2 be the projection onto the last n — 2 coordinates, we have

/ e — wyl? + | (c +dE) — apl?]
ﬂs,&

< C(n, p)| ln€|8/ [E, + 161E,|log E,|*] + ¢/;
P(As_535)

(ii) letting Z = {|u| < 3/4} and
Zcoelne = {x = (y,2) : dist(x,Z N (B% X {z})) < Cpe|Inel},

the function e*u — C \ {0} has the same phase as uy, far from the vortex set, i.e.,

efu
u_h €R on ﬂs,(s \ Z5C0|£ln£|-

Proof. First we choose ¢, 7p small enough so that Theorem 10.3.5 applies (for « = 0). We divide

the proof into several steps.

‘ Covering arguments and a partition of unity. ‘ To begin with, by Theorem 10.3.5, we can find

a collection of points
{xx = (yk, Zk)}]]jzl CZNAss
satisfying the following.

(i) The projected collection {z; = P(xk)}sz1 C B;‘J:(SQ\BZ_2 gives a Vitali covering of the pro-

jected annulus P(Ass):

N
Lo\ =n-2 _
P(As) =B Z\B, ¢ UBgcgg(Zk),
k=1 (19.1)

ngz(zj) n Bgf(zk) =0 forallj#k.

This last line shows in particular that N < C(n)e?™", where by now Cy depends only on n.
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(ii) As a direct consequence of Theorem 10.3.5, we can guarantee that

N
Zeoetmel O Ass € | BEoy oy o (1) X Bicke (k). (19.2)
k=1

(iii) We say that a point x; = (yx, zx) is a good point if

sup  r*"Eq(u, V, BY x B} (z), R"™) <115,

e<r<10Cpe

where with a certain abuse of notation we have set

E1(u, V, B} X B"%(z),R"?)

n
::/ Z|Vek”|2+52 Z a)(ej,ek)2
B2xBP2(z)

k=3 (.k)#(1,2)

(19.3)

(note the absence of normalization). Let the set of good indices be G. We also denote the

set of bad ones by B := {1,...,N}\ G.

(iv) Again as a direct consequence of Theorem 10.3.5 we get that

N
3 .
. Jul > 5 on (B30 (90 \ By (90)) X Bl (21)- (19.4)
k=1

Since both u and uj; have degree 1 on each of the previous domains (up to conjugating

(u, V) on R"), the difference of phases 6 — 0}, is well-defined on these domains.

(v) We also define a partition of unity {gbk}kN: 1> subordinate to the cylinders:

$i € Ce (Bagyeine (W) X Bicoe(21)), 0 < g < 1, (19.5)
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and

N
Z $r=1 on Zege|lnel N Ass.
k=1

We also require that |d¢x| < Celforallk=1,...,N.

(vi) Up to modifying the ¢;’s, we can define ¢y € C1(A,s \ Zcolelne)) With 0 < ¢g < 1 and

$o=1 onAss\ Zscylelnels

N
(]50 + Z (]Sk =1 on ﬂs,g.
k=1

Lastly, |d¢o| < Clelne|™L.
Note that Cy > 0 is some large enough constant that we are still free to choose later on (C above
depends on Cp). In the sequel we also use the following notation for the excess on each ball:

E(k) := E(u, V. B} x B{& ,(z1). R" ).

We define E(k) = E;(k) + E2(k) similarly. Since the balls Bgf(zk) are disjoint, the dilated balls

have bounded overlap (i.e., at most C(n) of them intersect), giving

N
E(k) <C E.,
2=

(As_s,35)

and the same holds for E; and E5. With abuse of notation, we also write

fan-z . |1 10g E-]’E, ifk € G,
log E|E(k) := { " o) (19.6)

Jan-s (o) E= if k € B.

5Cpe
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Remark 19.2.2. We will often use the following observation implicitly. For all z € B’1’_2, the

results in the previous section show that
r*"E1(u, V, B? x B" %(2),R"?) < 73

for an (arbitrarily) small g and all radii Ae < r < %, for some A depending on n,7jp. If k € G

then, for all z € ngig(zk), we have

(Coe)®> ™E1(u, V, B} x BE 2(2),R"?) < 10" 3.
As a consequence of Lemma 14.3.5, if we take Cy > C(n) large and ry% very small, we have
r*"E1(u, V, B2 x B"(z),R"%) < 72

also for r € (0, A¢), since we have C! control on the pair at this scale. We now fix 7 such that

n—-2

we actually apply Proposition 15.2.1 for n := 7o, so that every z € By~

(zx) gives a good slice.

‘ Gauge fixing on each small cylinder with bounds. ‘ Fix k € {1,...,n} and consider the unique

solution & to the following Neumann boundary value problem:

Ay = d* (o — ap) in G,

& = —(a—ap)(v) at dCx, (19.7)

Jon [0+ &) = 0] =0,

where

2 -2
Ck = B5C0£| ln£|(yk) X Bgcoe(zk)
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and

A = (B (W) \ B2 o1 () X BLE2, ().
Recall that 0 — 0}, is well-defined on Aj. Then we perform the following gauge transformation
in Cy: writing V = d — ia, we transform

(u, &) > (e*u, o + d&).

Since d*[(a + d&) — ap] = 0 and [(a + d&) — ap](v) = 0, we can use the Gaffney-Poincaré-type

inequality in Lemma C.0.1:

|(a +dé&) — ap]® < C(n, Co)leln el / |da — day|?. (19.8)

Cr Ck

We bound separately the contributions of the good set and the bad set, using Lemma 19.2.3 and

Lemma 19.2.4 below, obtaining

|(a +dé) — an® < C|Inel?|log E|*E(k) + CeP3n (19.9)
Cx

for some C = C(n, Cp, f) = C(n, p).

‘ Gauge fixing far from the vortex set with bounds.‘ Far from the vortex set, in the set As \

Zcyle1ne|» We gauge fix via a function & such that e’y uy, is real-valued. Hence, we define

o =0p,—0 onAgs\ Zcyleine; (19.10)

note that a priori & is well-defined only in the quotient R/27Z, but this is enough to have a well-
defined gauge transformation (in fact, since the vorticity set is included in a Ce-neighborhood of
a graph, we can check that 6, — 6 is a well-defined real number).

We can estimate e’°u — u and (a + d&)) — aj, in this domain using the exponential decay
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(Proposition 13.2.3), as follows:

/ (210 = uyl? + |(a-+ d&o) - al?)
ﬂs,&\ZCOIEInd
<[ [l = gl 2 + 2t — 612 + 2l — 5]
Ass\Zcylen el
< C(n)£_2€_K(n)CO| In £|.
In the last inequality, we used the following observation: since each slice intersects the zero set
and |Iln¢| > C(n), using Lemma 14.3.5 we see that on B% X {z} the distance from {|u| < 3/4} is

comparable with the distance from (B% x {z}) N {|u| < 3/4}.

Taking Cy large enough, we see that

/ [g_2|ei§°u - uh|2 + |[(a + dof()) — O{h|2] < €ﬁ+3n' (19-11)
ﬂs,é\ZC0|sln£|

‘Diﬁ”erence of local gauges in the overlap regions. ‘ Fix 1 < j < k < N such that

Qj,k = Cj NCr # 0.
Notice that we can bound the L? norm of the difference d&, — d& ; as follows:

[ g -aa <2 [ arag) a2 [ adn - ol

Q],k
By (19.9) we then have
/ |d(&; - &)|* < ClInel*(|log E|?E(j) + | log E[*E(k)) + CeP*3n. (19.12)
Qj)k

Our goal is to apply a Poincaré-type inequality on Q; to estimate & — &;. To this aim, we

first look at &;, & on an appropriate annulus. By the definition of C;, Cx and the structure of
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the vortex set in Theorem 10.3.5 we can see that |x; — x| < 20Cpe. We name the midpoint

i+
Xik = (Yjk 2jk) = x’2xk and we see that

ﬂjsk = [B§C0£|ln£|(yjsk) \B§C0£| ln£|(yj>k)] X [ngge(zj) N Bgz'ge(zk)]

CA i N A,
which is included in Q; ;. So we can compute that

/ﬂj’k |§j—§k|2<2/%|(9+§j)—9h|2+2/ﬂk|(9+§k)_9hlg

We know that (6 + &;) — 05 and (0 + &) — 6, have zero mean on A; and A, respectively. Hence,

we can apply Lemma C.0.3 on each annulus to see that

/ﬂ 208 - &l? < c/ﬂ

and we can bound

10+ ) - doy2+C / 10+ &) — doy 2
. A

J

|d(0 + &) —dOp| < | —dO| + |ap — dOp| + | + d&j — apl.
As before, on A; we have
ot — dO1? + |y, — dOx|* < |ul™2|Vul? + |up) 2| Vyun|* < P43
by exponential decay, and the same holds for k. Together with (19.9) we thus estimate

/ e2|& - &% < ClIne|* (| log EI’E(j) + | log E|*E(k)) + CeP*3n, (19.13)
Ajk
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By (19.12)—(19.13), using Lemma C.0.3 and Remark C.0.4, we arrive at
/QM e2E - &I < ClIne|*(|1og E[*E()) + | log E|?E(k)) + /3" (19.14)
We also need to estimate the difference of & — &y for all 1 < k < N. Defining
Qo = Ci N [Ass \ Zegleme ],

we see that

— [R2 2 -2
Qok € A = [B5cyemne (Uk) \ Bicy2yefin e (U] X By (k).

Note that by (19.10) we have &, = 0, — 0 in Q. Hence, we can apply Lemma C.0.3 and compute

that

= /Q G — ol < &2 /ﬂ; 0+ &) - 0

< [ a0+ - dof
Ay
< / [l — dOI> + ey — O, + | ( + d&) — anl?].
Ay
where again we used the fact that (6+ &) — 0j, has zero mean on Ay C A, . Summing the previous
2—n)2

bounds and noting that there are at most (Ce pairs (J, k), while any point belongs to at most

C = C(n,Cp) domains Q;, we arrive at

>, [ oetg-ar

X Q.
0<j<k<N >k (19.15)

< C|1n£|4/ llog E,|?E, + CE + Ce*?,
P(As-535)
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for some C = C(n, f) (recall (19.6)).

‘ Constructing the global gauge via the partition of unity. ‘ Recall the definition of the partition

of unity in (19.5). We define the global gauge transformation function as follows:

N
&= Z Pl on A (19.16)
k=0

Then we estimate

2

I
Ss‘Q/ i¢k|§_§k|2

ﬂs,& k=0

< 22/% 2 - &

j<k

N
ey — Z preu
k=0

< Cllng|4/ |log E,|?E, + CE + Ce#*,
P(As-s,35)

In particular,

/ e 2|eu — uy|?
Ass
N
< 2/ e 2 ety - Z Pre'ru
Ass k=0

<C| ln€|8/ | log E,|?E, + CE + CeP*1,
P(As_5365)

2

N
+Z¢k|e"§ku — upy|? (19.17)
k=0

where we used Lemma 19.2.3 and Lemma 19.2.4 to estimate the term involving e'*u — uy,.
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Moreover, for the connection part, we can bound

/ (a+ dE) - a2
As s

<2 f S el +dE) - eyl +

56 k=0

2 (19.18)

Z dpiti

The first term is bounded by (19.9) and (19.11). We are left to bound the last term. Since the

functions ¢, form a partition of unity, we have

N
Z dgy(z) = 0.
k=0

We can then write

Z didi = Z $idpi (& — &)

J,k=0

Since |déi| < Ce™!, the last term above is bounded by

22/ - &%

Jj<k

which is a quantity that we already estimated. Combining these bounds, we see that

/ (e — uyl2 + | (a + dE) — apl?]
ﬂs,&

<C|ln g|8/ [E; + 1g:E;|log E,|%] + ¢
(As—s,35)

This is indeed the desired conclusion. m]

We now turn to the bounds which were postponed in the previous proof.
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Lemma 19.2.3. Assume thatk € G. Then
/ e 2e %y — up|? < C|In¢|®| log E|2E(k) + CeP*3n
(0

and

/ &|da — day)? < C|Ine|*n~2|log E|*E(k) + CeP*3n.
Ck

Proof. We bound each part separately.

‘Estimating da — day,. ‘ Recalling the definition of E; in (19.3) and the construction of ay, we

have

/ lda — day” < / |da(er, e2) — dan(er, e2)|? + CE1 (k)
Ck Ck

+C / |dh|?.
B2 (zi)

5Cpe

We are going to use some estimates from [45] which are slightly more refined than (13.3).
Compared to the main result of [45], these hold under some additional assumptions, which are
however satisfied on good slices: in particular, for any z € nggg(zk), the function u vanishes
linearly at a unique point along the slice B% x {z}. We will often compare u with the function
up,, where hg is the function built in Proposition 15.3.1, whose graph approximates the zero set;
along the good slice, this function vanishes at the same point as u, and is just a translation of the
standard degree-one planar solution.

Specifically, using an e-rescaling of (13.3) and Theorem 13.4.2 (applied with N = 1), we have
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the following estimate:

/' (1] = Jun 2 + utng |27/2] (@ = dB) 1.2 — (th, — Ao )1
B%X{z}
+e2|da(er, e2) — dap, (e1, e2)|?] (19.19)

S CEZ;

for an absolute constant C, where the subscript (1, 2) means that we restrict the one-form along
the slice.

Now by the construction in Proposition 19.1.1 we can see that (uy, @), along the slice B% x{z},
is equal to (up,, ap,) translated to vanish at the barycenter @y, v,)(z). As shown in Lemma B.0.1,
the translation is by a vector v with |o| < Ce| log E;|VE; + e X/¢. By the mean value theorem, we
then have

[e%|da (e1, e2) — datn, (e1, e2)|* + [(an — ang) (1.2)|°
B§C05| Jog e| (YR)¥{2}

+€_2|Uh - Uh0|2] (19 20)

< Ce?|logel? - |o]? - ce™?
< C|lne|?|log E,|’E, + e X/¢,
since E, is bounded on good slices and the differential of each quantity (such as eday (e, e2) and

so on) is bounded by Ce 2. The claimed estimate follows by combining the previous bounds

(together with item (iv) from Proposition 15.2.1, which gives |dh|?(z) < CE, + e X/?).

Estimating e'*u — uy,. | Writing formally u = |ule’? and using a similar notation for u;, and up,,

recall that on the annulus

At = 1By W) \ B2y Wi)] X {2}
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the differences 6 — 0y, 0 — 0y, and 0, — 0y, are well-defined. We record the following estimate:

/ 72|60, — 05,)* < C|log E,|E.. (19.21)
ﬂk,z

This holds again by the mean value theorem, since [(d0;)(1.2)|(y) < Cly — yx|™!. We are going to

use the Caffarelli-Kohn-Nirenberg-type inequality from Lemma C.0.2, which implies that

/ ly— ho()21f (W) < CR¥? / ly = ho(2) 2 2ldf ()2,
B2(yk) B2 (yx)

for f € C} (B%(yk)), with R := 5Cpe| log €| (since there exists a biLipschitz transformation sending
B2 (yi) to itself and mapping the origin to ho(z)). Recalling that the standard degree-one solution

vanishes linearly at the origin, by the construction of up, in Proposition 19.1.1 we have

|, | (y, 2)

cl<
~ min{e~Hy — ho(2)], 1} ~

on the good slice, for some universal constant C. Moreover,

ey — ho(2)|
~ min{e |y - ho(2)|, 1}

< Cllne| forallye Bgcosllogd(yk)'

2

5Coc|Inc] (yx) X {z} vanishing near the boundary, we can write

Hence, given a C 1 function fonB

[uno |*1f1? < Ce?| Inel* [un, [**12[df 2. (19.22)
Bgcog“ng‘(yk)x{z} Bgcog“ng‘(yk)x{z}
To estimate ue'* — uy,, we first notice that u and uy,, have the same unique zero point (with
the same degree around it), and hence the difference 0 — 0y, gives a well-defined smooth function
on the full slice.

We define a cut-off y : B% — Rwith y =1o0n Bé)g' In €|(yk) and y = 0 outside ofBgcog| ln€|(yk)’
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with |dy| < Clelne|~!. Then we use the first term of (19.19) to bound |u| — |up, | and (19.22) to see

that
6_2 )(2|ei§ku _ uh0|2
Bgcog‘lm‘(yk)x{l}
2
|| — lup, | |t |
SC/ X’ | 5 o + ——1(0 + &) = Oy, |?
By coei e (U)X {2} € €
< CE,+C(I+1I),
where
I:=|lnel* Juny 272 21d(0 + & — Ono)(1.2)
B?CQE\lng\(yk)x{Z}
II:=|Inel* |uny [P7/21d 1210 + & — Ono|*.

2
B5COE‘ Ine| (yk)x{l}

First we estimate I using the second term in (19.19) and (19.20) (to replace ap, with ap):

I<C|lnel®logE,|’E, + C|lnel* l(a+d&) — anl*.
B§C05| lng‘(yk)x{z}

Then we estimate IT: we note that |dy| is supported in Ay, and |dy| < CleIne|™!, and hence we

can use (19.21) to estimate

II < C|In¢)?| log E,|’E, + C| 1n£|2/ 210 + & — 04)°.
ﬂk,z
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Putting I and II together and integrating over nggs(zk), we see that

/ e 2)etbky — uh0|2
Ck

< C|Inel®| log E|*E(k) + C| 1n£|4/ la + d& — ap|?
Cr

+C| lns|2/ 20 + & — 04)?
Ak

< C|Inel®|log E[*E(k) + C| In ¢|? / €210 + & — 0% + PO,
A

where we used (19.9) (which uses only the previous bound on da—day). Recalling that we imposed

/<e+§k—eh>:o,
A

we can apply Lemma C.0.3 (suitably rescaled) and (19.9) another time to see that

|ln€|2/ 20 + & — 04)?
A
SC|1n5|2/ |d(0 + &) — doy|?
A (19.23)
scungF/ [l — dB|* + oy — dOy|* + |(a + d&) — an)?]
A

< C|In el log E[?E(k) + 73"

up to taking Cy large enough (the last inequality follows from the exponential decay of energy);

combining these bounds with (19.20), we get the desired bound for e’ u — uy. m]

Lemma 19.2.4. For k € B we have

/ [e72)eku — up|? + €2|da — day|?] < C| Ine|2Ey (k).
Ck
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Proof. On the bad set we simply use L* bounds: we have

/ [e72]e" u — up|* + £*|dor — dep|”]

Cr
< C| 1n€|2€n—2 (1924)
< C|In¢|*Eq (k),

where we used the definition of bad index in the last inequality. ]

Corollary 19.2.5. We have

/ 216 — upl® + (@ + d&) - ayl?]
ﬂs,é

SC(n,ﬁ)|1n£|1O/ E, + ¢l

P(As-535)

Proof. Recalling that for a good z the sliced excess E, is small, it suffices to split the integral
of E,|1ogE,|? on the two sets {E, < ¢/*1} and {E, > ¢/*!}. On the second one, we bound

|log E,|? < C|log ¢|?, while on the first one we have E,|logE,|?> < Ce#*1|log ¢|2. O
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Chapter 20

Proof of a stronger decay for local

minimizers

20.1 STRONG APPROXIMATION OF THE EXCESS FOR MINIMIZERS

In this section we use variational arguments and the estimates from Proposition 19.2.1 to con-
struct competitors. As a consequence, we prove that the full excess E is well approximated by

the Dirichlet energy of a harmonic approximation w built as in Proposition 16.1.2.

Proposition 20.1.1 (Strong harmonic approximation of minimizers). For any v, > 0 and any
radius 0 < s < 1 there exist three small constants ey(n, s, v, B), 7o(n, s, v, p), no(n, v, B) > 0 with the
following properties. Let (u, V) be a minimizer of E, defined on B3(0), with ¢ < &y and the energy
bound

1
W/ eg(u, V) < 27 + 1.
2 | JB

After a suitable rotation, let h : B’ll_2 — B% be the Lipschitz approximation defined in Proposi-

tion 15.2.1 with n := ng. Then the following holds, assuming

Ce—K/e < CE‘B < E:= E(u, V, B”,R”—2)
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or some C = C(n,v, B) and K = K(n): there exists a harmonic function w : B"2 — R? such that
1

(i) fyz ldwl? < C(n);

(ii) we have
h - (h)Brll—Z

VE

-

1

where (h) B2 is the average;

(iii) most importantly, we have

d 2
/ E, < E/ | ‘;' + vE.
B2 B2

Proof. We prove the statement by compactness and contradiction. Fix v, f,s and assume that
there exist sequences ¢, 7x — 0 and a sequence of minimizers (uy, Vi) for E,_ with the previous
energy bound for 7y = 7}, violating the conclusion. Moreover, let Ay : Bi‘_2 — B% be the Lipschitz

approximation for the threshold 7o, to be chosen below.

Lower bound on the energy of the given pair.|First of all, recalling item (i) in Proposition 15.2.1

we have

J

n—
1

dhi? < C(mE®,  EW = E(uy, Vi B R,
2

for k large enough. Hence, up to a subsequence, we can extract a weak limit

hi — (hk)B’l"2

VE®)

—w

in W12, so that

/ ldw|? < C(n).
n—2

1

205



By Lemma 16.1.1 and Proposition 16.1.2, w is harmonic with w(0) = 0. This shows that the first

two conclusions hold, so we must have

d 2
/ EX S g® / ldwl™ g, (20.1)
B2 B2 2

By Lemma 14.3.6 and the bound Ce ™ X/¢ < %E(k), this gives

1

1 ldwl? dvegy
21 J2xpy-2

Vi) > By +E<’<>/
ee (u, Vi) > |B{ ™" w2 75

Leta, b € (s, 1) with a < b, which we write as b = a+45. Calling G* the good set for (u, Vi),

since the indicator function 1 pgn-2gn-2),gr — 1 strongly L*(B'2\ B"?), we have

dhy

1 n—2\ pn—2 k
(B&™°\By“)nG @

— dw

weakly in this space, and hence

dw|? dhi|?
/ ] <liminf/ | kkl i
BZ_Q\B?_2 2 k— o0 (Bz—Q\Bgl—Q)mgk 2E()

Using item (iv) in Proposition 15.2.1 and the assumption E®) > Cef > CeX/% we deduce

]2 E®
/ dwl < liminf/ Zk .
B;’_Q\B?_Q 2 k—oo (BZ—Q\Bg—Z)mgk E( )

Combined with (20.1), this gives

2
/ X > g® / ldwl” | 3Vgw,
B2 B2 2 4
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Using again Lemma 14.3.6 and E®) > Cef > Ce X/#, we obtain

1

dw|?> 3
— e.. (ug, Vi) > |B12| + E®) / ldwl™  3vpw), (20.2)
27 Jp2xpy-2

BZ_Q 2 5

Note that, for a fixed small § > 0 to be specified later, we can find a and b = a + 4 in (s, 1)

such that
/ [|dhe|2 + E®|dw(2 + EF] < C(n, s)SEX), (20.3)
Bz—2\B‘rIz—2

along a subsequence, by the classical pigeonhole argument.
Now we take a cut-off function y such that y = 1 on B"2 and y = 0 outside of BZ:Q, and we
let

fe = (1= he+ y(VE®w + (hie) gn-2).

Since ||y - (hk)Brll—2 - \'E(k)wllg2 = o(E™), the Dirichlet energy of f; on BZ‘z \ B2 is

|dh|? |dwl?
/ [(1 S LT L P )
32—2\32—2
In particular, by (20.3) we have
/ |dfi|> < CSEW. (20.4)
Bz—Q\Bg—Q

We apply Proposition 19.1.1 to obtain a new pair (ug, V).

Construction of the competitor. ‘ We want to glue the latter to (ug, Vi) in a suitable annular

region and obtain a new pair whose energy in B% X BZ‘2 is strictly lower than (uy, V), obtaining

a contradiction to minimality. From now on, we restrict attention to the region B% X BZ‘z. We
: : : — n—2 n—2

will also drop the subscript k in the sequel. Note that f = h on B! 7\ Bl <.

For technical reasons, it will be convenient to glue on an annulus of width v/e. We first select
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t € [a+ 25, a+ 35] such that

[E, + |dh|?] < C(n,s, 5)VEE. (20.5)

n-2 n-2
B
t+2+/e VT t—+fe

We first apply Proposition 19.2.1 and Corollary 19.2.5 to replace (u, V) with a gauge-equivalent

pair, still denoted (u, V), such that = = |Z—j:| on (B% \ B%/Q) X BZ‘Q, with

ul —

/[£_2|u—uh|2+|a—ah|2] < C|ln£|10/ A E, + ¢,
A

P(A)

where A = B% X (B;:f/z \ B?_Q) and A = B% X (B?ijz \ B?__f/z) In particular, by (20.5) we have

/ [672u — up|? + |a — ap)?] < CVe| lngllof E,+¢’ =0(E) + ¢, (20.6)
A P(A)

where the notation o(E) = o(E()) indicates a quantity infinitesimal with respect to E®, as
k — co.

We take another cut-off function ¢ with ¢ = 1 on B% X B2 and ¢ = 0 outside of B% X B’:;jz

On B% X BZ‘Q, we define
w=01-@u+oeu, a:=(1-¢)a+qea,.
We claim that
/ E, < o(E) + Cél. (20.7)
P(A)
Once this is done, using Lemma 14.3.6, we obtain

1 N
— e:(1, V) < [P(A)| + 0o(E,) + CéP,
21 P(A)
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and hence by Proposition 19.1.1, together with (20.3) and (20.4), we get

1

2_ 2 -2
7T JBixBy

e. (1, ?)

- df?
< |By %+ (1+0(n3)) /BH | f;' +/Bn_2\Bn_2Ez+o(E)+Cgﬁ
b b a

d 2
< |BZ‘2|+E/ dwl +/ [|df|* +E.] + Cn2E + o(E) + C¢?
B2 Br2\By~2

2
d 2
< |Bg‘2|+E/ | ”;' +%E,
B2

once we take 19 and § small enough. In the same way, (20.2) gives

1

27 Jpospn2
B ><BZ

dwl®> 2
e(w, V) > |B;—2|+E/ dwl” | 2
B;l*? 2 5

This gives a contradiction: near 8B% X B;1+—2€, using the fact that # and uy have the same phase,

\/_
it is easy to modify (& V) in order to make it agree with (u, V) (while this already holds on

oB? x (BZ_2 \ B;‘Jf/z)), in a way which changes the energy by O(e7¥/?) < £E: it is enough to

interpolate between the two pairs on the set
2\ R2 -2
(B \ B,y x By 2,

using the fact that here the energy density is exponentially small, and hence we can write |t —

ur| = [(1 = al) = (1 = lug)| < e X/ and |a - ar| < e~K/¢ (since, writing & = €', we have

|d0 — &| < |a]7|Vii| and similarly |d0 — af| = |d0f — as] < |ug| 7!V rugl).

‘ Bounding the energy on the interpolation annulus. ‘It remains to check the previous claim. We
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first write

27E, /2 Veal+ > ldaes ep)|* + Ve, + iVeyil?
Byx{z} 553 (j)#(1.2)
1 - af?[

2¢

+ |eda(eq, e2) —

T+ IT+ I+ 1V.

We start by bounding II: we have

da=(1-¢@)da+edap+de A (an — ).

1/2

Hence, using the fact that |dg| < Ce™"/#, we have

1< CEZ+C|dh|2(z)+C52-C£'1/ lap — a|.
B?X{z}

The last term is bounded by the left-hand side of (20.6); together with (20.5), this gives the desired
bound.
As for IV, we note that

1—al?
2¢

1= 2 1= 2
ul? L=l

O(e u—u)),
5 5 (e |u —uyl)

=(1-9¢)

and hence IV is the squared norm of

1— |ul? 1 — fuy|?

2¢

(1-¢) |eda(er, e2) —

+ ¢ |edap(e1, e2) —

+O(Vela — an]) + O™ |u — up]).
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Thus, we have

IV < CEZ+C5/ |a—ah|2+C£_2/ lu — up|?,
B%X{z} B%X{z}

again bounded by (20.5) and (20.6).
We finally turn to I; the bound for III is obtained in the same way and hence will be skipped.

We note that

Vi = d[(1 - p)u + guy] — i[(1 - p)u + gl [(1 - )a + pats]

= (1= @)Vu+¢Viup + (up — w)de + O(lu — uplla — anl).
Hence,

/ |V,,d|* < CE, + Cldh|*(2) +Cg—1/ lu — up|?
B2x{z} B

Ix{z}
+ C/ loe — ).
B%X{z}

Again, the last two terms are bounded by the left-hand side of (20.6). This completes the proof of

(20.7), and hence the proof of the proposition. ]

20.2 PRrOOF OoF THEOREM 10.3.8

In this section we finish the proof of the stronger decay of excess for minimizers. We rescale B} (0)
to B5(0) and apply Proposition 20.1.1, with some s € (0, %) and v > 0 to be chosen later and with
B+ 1 in place of . We obtain that either E = E(u, V, BS(O),R"_Q) < CeP*! or the conclusions
of Proposition 20.1.1 hold true (provided that the picture is rotated in such a way that E is small
enough).

In the first situation, we clearly have ming E(u, V, B5, S) < P for ¢ small enough and we are

done. Hence, in the sequel, we can assume that we are in the second situation.

211



We will assume for simplicity that R""2 minimizes E(u,V,B., ) and that
ldw(0)| < & (20.1)

with § > 0 to be chosen momentarily.

Since [dw(z) — dw(0)| < ssupg-2 |D?w| on B2, we have

/ ldw|? < C(n)s" 282 + C(n)s" sup |D*w|? < C(n)s" 2(8% + s2),
B2

B2

where the last inequality comes from the bound ||dw||;2 < C(n) and standard elliptic estimates.

By item (iii) from Proposition 20.1.1 we then have

d 2
/ E, < E/ dwl +vE < C(n)s" 2(6% + 5% + s> ™)E.
B2 B2 2
This immediately gives

E(u, V,B",R"2) < C(n)(6* +s% + s> ")E.

s g

The theorem follows under the assumption (20.1) by taking &, s and subsequently v small enough.
The general case can be reduced to this one by the very same argument of Section 17.2; the only

differences here are that we use item (ii) from Proposition 20.1.1 in order to bound
2
Ih ~ (h)gs-2 ~ VEwl[?, < vE

and that E; is replaced by E throughout that argument.
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20.3 PROOF OF THEOREM 10.3.7: THE CASE OF MINIMIZERS

We prove the following theorem, which contains the second part of Theorem 10.3.7.

Theorem 20.3.1. Forn > 2, there exists to(n) > 0 such that the following holds. If (u, V) is an

entire, local minimizer for the energy E1, with u(0) = 0 and the energy bound

1
|BR 2| Jan

1
[|Vu|2 + |Fv|2 + Z(l - |u|2)2 < 271 + 19,

then (u, V) is two-dimensional. More precisely, we have (u, V) = P*(ug, Vo) up to a change of gauge,
where P is the orthogonal projection onto a two-dimensional subspace and (ug, Vo) is the standard

degree-one solution of Taubes [74] (or its conjugate), centered at the origin.

Proof. We can assume n > 3. We proceed exactly as in the proof of Theorem 10.3.7: letting

B :=n—2>0, it is enough to prove that

Rlim RF msin Ei(u,V,B:, S) =0.

This follows from the stronger excess decay statement for minimizers, using the same iteration

argument employed in the proof of Theorem 10.3.7. ]
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Appendix A

Smooth perturbation of complex

polynomials

Lemma A.0.1. For any integer N > 0 there exists constants Ay > 1 and ey > 0 with the following
property: Let P(z) = H]k\[:1 (z —a;) be a complex polynomial with degree N withay,...,an € B%(O).
Then for any perturbation R : B1(0) — C with [[R||cv(p, (0)) < én there exists another complex

polynomial Q(z) = Hi‘]:l (z—0bj) withby,...,by € B§ (0) such that:

L _ IP() +R(@)|

TR

Proof. We prove the lemma by induction. By the bound |R(z)| < ey < |P(z)| on dB; and Rouche’s
theorem, there exists a point a € By such that P(a) +R(a) = 0. Then we define R(z) = R(z) + P(a)
so that R(a) = 0 and we write:

P(z) + R(z) _ P(z) — P(a) +R(2) _ P(z) — P(a) N R(z)

z—a zZ—a zZ—a z—a
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Since R(z) = R(z) — R(a) we get that ||ﬁ||CN(Bl) < 2¢en. Then by a Taylor expansion we estimate:

R(2)
z—a

llev-1(8,) < CNIIRIlen(p,) < Cnen -

P(z)—P(a)

~—— is a complex polynomial with degree N — 1, by induction we see that there

Now since

exists a complex polynomial Q(z) such that:

P(z) — P(a) +R(2)

Q(2)(z - a)
Naming Q(z) = 0(z)(z — a) we get that:
1 _ |P(@) +R(2)|
Ay € ————— <Ay
N 10(2)]
The case N = 1 follows by a standard transversality argument. O
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Appendix B

Barycenter and variance of good slices

We show two lemmas which give a more refined control of a critical pair on a good slice B% x {z},
with z € G", the good set defined in (15.1). We assume that (u, V) is a critical pair for E,, defined
on B% X B'11_2, with € < g and

Ec(u, V) < [BY2|(27 + 10)

(as well as (13.1)-(13.2)). Under this assumption, we have

/ e.(u, V) < e K(W/e
(B2),\B2 )x(z)

forz e Bg/_f, since this part of the slice is far from the vorticity set. Recall that the barycenter

h(Z) = q))((xl,xg) (Z)

2
3/4°

2

was defined using a cut-off function y supported in B 1/2

with y =1 on B? , (the notation in the

subscript means y - (x1, x2)).

Lemma B.0.1 (Barycenter of a good slice). For €y, 79, 7o > 0 small enough, ifn < ng andz € G",
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then we have the following estimate (for a possibly different K = K(n)):
[h(2) = ho(2)] < C(n)el log(Ep):|(Ep);* + ™"

where hg is the map from Proposition 15.3.1 giving the zero set on good slices.

In other words, the barycenter of the good slice is close to the actual zero of u here (unique

in B%/2 X {z}).

Proof. Recall that, by definition, we have

1 _
h(z) = @y (xy.x0) (2) = 2—/ (x1,x2) ] (u, V) (e1, e2) + Ce X/e.
T B?/Qx{z}

2

1/2 % {z} is 27+ O(e7K/%) (see, e.g., the proof of [62, Lemma

Since the integral of the Jacobian on B

6.11]), we get

W~ =g [ ) = B Ve + e
L ¥z

On the other hand, using the notation from Proposition 19.1.1, we have

! / (1, x2) — ho(2) ] (ttngs Vi) (e e2)| < Ce™ e,
B2

27T 1/2X{Z}

by symmetry of the standard planar solution.
Moreover, u(-, z) vanishes linearly at ho(z), as observed in Lemma 14.3.5. We can then apply

a rescaling of (13.4) in Theorem 13.4.2, which gives

[, U9 enen) =, Vo) essea)] < CVE). + e ®.1)

12x12}
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Selecting a radius C(n)e < r < i, we have
ec(u, V) (y,2) < C(n)e e KW@ on [BY )\ B} (ho(2))] x {z}

for a possibly different K, since as observed in Lemma 14.3.5 the distance from the vorticity set

Z is comparable to the distance from

Z 0 (B2, % {2}) € B2, (ho(2)) x {2},

on good slices. Hence,

[, 160 = h @I 9 e2) = Ty Vo) o)

12%12}

<r / (V) (e, e2) = Jutng, Vio) (e, €9)]
BZ(ho(z))x{z}
+Ce2 / ly - ho(z)|e—K|y—ho(Z)I/€ dy
B2 \B2(ho(2))

< CryE, + Cee K7/
for a possibly different K. Taking r := Me¢|log E,| for big enough M, we get

r\/E_Z+ ce K1l ME\/E_Zl logE,| + ex/E_Z < C(n)ex/E_zl log E,|

(recall that E, < % by definition of good set), unless r < C(n)e or r > %. The situation r < C(n)e
cannot happen, once M is taken large enough, while in the last case we obtain E, < ¢7X'/¢ and

. . L 1
thus we are done again, by taking r := 7 above. O

Next we show that on a good slice the variance is close to €200, where vy is the variance of

the standard degree-one planar solution.
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Lemma B.0.2 (Variance of a good slice). For any o € (¢, 1) such that |ho(z)| < o, we have the

ollowing estimate on good slices, for any ¢ € R2 with |c| < o
g g y

! / [(x1 = c1)? + (x2 = c2)*Jes(u, V) — e
B2

27 12%12}
< C(n)e?| log(Ea).|*V(E2), + C(n)a*(Ey), + C(n)|h(2) = ¢’

+ C(n)e_K"/g,

for a possibly different K = K(n).

Proof. First of all, since the integrand in the definition of excess E = E; + E upper bounds
e.(u, V) — J(u, V), we can replace e.(u, V) with J(u, V), up to an error bounded as follows: for
E1, we bound separately the contribution of B3_ and the complement (where we use exponential
decay) obtaining the error

962(E1), + C(n)e Ko/e.
as for Eo, we argue as in the previous proof, obtaining the error
C(n)lho(2) = ¢I?(Ba), + C(n)e®| log(Ez).|* (Ba), + 7 /",
where the first term comes from replacing ¢ with the actual location hy(z) of the zero. Moreover,

by definition of vy, we have

1

27 JB2 x{z}

|(x1,%2) = ho(2) 2] (tthy, Vi) (e1, €2) = £2vg + O (e X/%);
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since

| (1, x2) = ho(2)|? = | (x1, x2) — ¢|?* = 2((x1, x2) — ho(2), ¢ — ho(2))

—le = ho(2)?

and

/ [(x1,x2) — ho(2)1 (g, Vi) = O(e™F%),
B§/2><{z}

we obtain

1

2r B2 x{z)

|1, x2) = ¢l (ung, Vi) (€1, €2) = |ho(2) = cf” + e%09 + O(e7*/°).

As in the previous proof, we can replace J(ug, Vo) with J(u, V) here, up to an error of the form

C(n)(Jho(z) = c|? + £2| log E;|?)v/(E2), (using (13.4) from Theorem 13.4.2). Finally, we can bound

|ho(2) = ¢|” < 2lho(2) = h(2)]* + 2|h(2) — c|?

< 2|h(z) — c|* + C(n)e?| log(E2).|* (E2);

using the previous proposition, and the claim follows. O

Remark B.0.3. Since t — t|log t|? is concave for ¢ > 0 small enough, we have

/SEzllogEz|2 < (/SE) log (fSE) < C(/SE) log (fSE)

for sets S € G" of measure comparable with 1.

2 2
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Appendix C

Poincaré—Gaffney-type inequalities

In the construction of the interpolation gauge in Proposition 19.2.1 we make frequent use of
Poincaré-type inequalities for functions and differential forms. These inequalities are well known;
we present the special cases used in this thesis for the convenience of the reader.

The following lemma is a consequence of results first appeared in the original paper of Gaffney
[40] (see also [50] for a systematic treatment on manifolds with boundary), but for our application

we need it to hold uniformly for cylinders of the form B% X B"2 of arbitrarily small width r > 0.

Lemma C.0.1 (Poincaré-Gaffney-type inequality for thin cylinders). Givenal-forma € Q' (E?X
=n-2
Bf ) with r < 1 and the Neumann boundary condition a(v) = 0 on 8(B% X B'2), the following

inequality holds:

2 2 x 12
/ lal? < C(n) [dal? + 1d"a?].
B2xBp~2 B2xB!2

Proof. Since B% X B2 is a convex domain and 1,a = 0 at its boundary, we can apply [21, Remark

9] to see that

/ |Val? < / [|da|? + |d*«|?].
B2xB? B2xB?
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Now we rescale the domain with the map ¢ : B% X Bi’_2 — B% X B"? given by

G(x1, ..., xn) = (X1, X2, FX3, . .., FXy),

and define a(x) := a(¢(x)) (notice that this is different from the pullback ¢*(«)). Then we claim

that there exists a constant C(n) > 0 such that

/ |&)* < C(n) |Va|?. (C.1)
B2xB1~2 B2xB1~2

We prove this by compactness and contradiction. By homogeneity, suppose there exists a se-

quence @y with 1, = 0 on 8(B% X B’l"z) and

/ lak)> =1, lim |V |? = 0.
B2xB}~2 k—co J g2 pn-2

Note that by the display above we have the bound ||0?k||W1,z(B§><Br1kz) < 2 for all large k > 0.
Up to extracting a subsequence, we can assume that @ converges weakly to @ in W2, By

Rellich-Kondrachov, the convergence is strong in L2. Thus,

/ || =1, Ve = 0.
B2xB1~2

Hence, as = v is a constant covector. The boundary condition passes to the limit, giving that

v(v) =0on 8(B% X B’ll_Q); since the normal vectors to the boundary of this domain span all of R",
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we get that v = 0, a contradiction establishing (C.1). Then we compute that

[ ap=r [
B2xBp~2 B2xB72

< C(n)r"—2 / |Va&|?
B2xBI~2

< C(n) |Val|?

B2xBp~?
2 * 12
< C(n) [lda|” + |d*a|”],
B2xBp—?
as desired. m]

The next lemma is a weighted Poincaré estimate for functions in two dimensions.

Lemma C.0.2. There exists a constant C > 0 such that for any compactly supported function f €

o (B}%) the following weighted Poincare type estimate holds:

/ X211 (x) < CR3? / X721 12 ().

Proof. By scaling the domain, we can assume that R = 1. Then by [15, eq. (1.4)] (for the choice of

constants @ :=5/4,a:=1,p=q=r:=2,y,0 :=1/4) we can see that

/B P < /B PP < 0 /B R

This is indeed the desired conclusion. m|

Lemma C.0.3 (Poincaré inequality on a thin annulus). Givena > b > ¢ > 0, there exists a
constant C(n,a,b,c) > 0 with the following property. Let f be a function in W12((B2\B2) x Q),

where Q C R"2 is a convex bounded domain, such that

/(BQ\BZ)xQ /=0
a\%p
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Then the following Poincaré inequality holds:

/(32\32) . If1? < C(n,a,b,c) diam(Q)Q/ df)>.
a C X

(BZ\BZ)xQ

Proof. First we apply the standard Poincaré inequality on each two dimensional slice (B2\B2) x

{z} for any z € Q:

L1 )
Q LJ(B2\B2)x{z}
2
< C(a,b,c) |df|2+// f
(B2\BZ)xQ Q |/ (B2\B})x{z}

Notice that the function g(z) := /( B2\B2)x (2} f has zero average on Q. Hence we can apply the
a\by

dz.

Poincaré inequality on Q to see that

/ 912 < C(n) diam(0)? / dgl?.
Q Q

Indeed, it is well-known that the Poincaré inequality on a convex domain holds with a constant

depending only on its diameter and n. This yields the desired conclusion. ]

Remark C.0.4. The same conclusion holds if we assume that

/(32\32)><Q' f=0
a\%p

for some Q' with |Q’| > «a|Q| (the constant depending also on «).
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